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This thesis is divided into two distinct and independent parts. Part I focuses on the extension
of the concept of Variability Response Function (VRF). The focus of research community
has recently shifted from the improvement of structural models and enhancement of the
performance of computational tools in a deterministic framework towards the development
of tools capable of quantifying the uncertainty of parameters of the structural system and
their effect on the system response in a probabilistic framework. One limitation to this
direction is the inadequacy of information to fully describe the probabilistic characteristics
of a structural system.
In effort to bypass this barrier, VRF was introduced by Shinozuka as a tool to calculate
the variability of the response of a system. VRF is a deterministic function and for the case
of deterministic structural beams where the uncertain system parameters are modeled as
homogeneous stochastic fields, it offers an efficient way to circumvent timely computational
analyses.
In this dissertation, a flexibility-based VRF for the case of statically determinate beams
following an arbitrary non-linear constitutive law is proposed. A closed-form analytical
expression of VRF is derived and the constrains of the mechanics approximation embedded
are discussed. No series expansion is used, thus the probabilistic part is exact and not limited
by any constraint on the relative magnitude of the variations of the parameters.
Part II of this dissertation explores the topic of progressive collapse. The appearance of
damage in structural systems (explosions, design or construction errors, aging infrastructure)
is following an upward trend during the last decades, urging for measures to be taken in
order to control the damage advancement within the system. There has been an organized
effort to update the design codes and regulations, in order to include provisions towards the
reinforcement of buildings to eliminate their susceptibility to local damage. These efforts
tend to focus on improving redundancy and alternate load paths, to ensure that loss of any
single component will not lead to a general structural collapse.
The analysis of a damaged system is a very complicated phenomenon due to its non-linear
nature. So far the engineering community has addressed the problem of progressive collapse
by employing sophisticated computational finite element methods to accurately simulate an
unexpected damaging event. In this framework, damage has been introduced in the model by
removing key load-bearing elements of the building and conducting elaborate analyses which
almost always require inelastic and loss of stability theories to be considered. The computa-
tional complexity renders this kind of analyses almost prohibitive for practicing engineers.
In the direction of eliminating sophisticated and computationally expensive analyses, simple,
trustworthy tools should be generated for practitioners to easily predict the mechanism of
damage propagation and determine the governing collapse mode of a structure.
In this environment, this thesis introduces a simple and less labor demanding analytical
tool/method which can be used to determine the governing progressive collapse mechanism
of steel moment frames under the scenario of a column removal. After performing plain
elastic analyses, the method develops critical Euler-type ductility curves for each removal
scenario by performing straightforward analytical calculations. The response of structural
systems under column removals is examined in a 2D and 3D context.
The main objective of Part II is to investigate the response of different structural systems
to the event of damage introduction (in this thesis, in the form of column removals in several
locations of the system) and to develop a simple analytical framework for the identification
of the governing progressive collapse failure modes. Although failure may occur due to a
number of reasons (shear beam-to-column connection failure, beam yielding-type mechanism,
loss of stability of adjacent columns, global loss of stability of the structural system, etc), in
this study focus is being placed in only two of them; The proposed method establishes critical
limit state functions which are used to identify whether a specific structure will experience
progressive collapse through a yielding-type beam-induced collapse mechanism or through a
loss-of-stability-induced column failure collapse mechanism.
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1.1 Background and Motivation
In the modeling of structural mechanics systems, physical behavior is most commonly mathe-
matically idealized and system parameters such as geometry, loading, and material properties
are related to response variables such as displacements, strains, and stresses.
Most structural mechanics research in the past has been focusing on the improvement of
structural models and computational tools. Still, the quantification of uncertainties associ-
ated with the system parameters and their effect on the system response has not been fully
addressed, although extensive work has been accomplished to date. In most practical engi-
neering applications, uncertainty in the system (random heterogeneity of materials, geometry
of a structure, boundary conditions) or in the system input (distribution and magnitude of
applied loading) are ignored and instead replaced by mean or extreme valued parameters.
This results not only to an unrealistic representation but also sometimes to a false impression
of conservatism and safety in analysis results.
To address the aforementioned issues, the field of Probabilistic Engineering Mechanics
utilizes the theory of random variables and random processes and fields to analyze the effect
of uncertainties in Civil Engineering. A number of parameters of the system are considered
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to be uncertain, time or/and space dependent and their effect on the system response is
investigated.
In many problems of structural mechanics, uncertainty of the system is restricted to the
material properties that exhibit random spatial fluctuations while considering the rest of the
system parameters certain and focus is placed on quantifying the effect of this uncertainty
on the response displacement of the system when subjected to certain loading. Evaluat-
ing the variability of response displacement and establishing upper and lower bounds that
characterize the system response while being independent of the applied load contribute in
obtaining a deeper understanding of the structural system response behavior.
Over the years, very few analytic solutions have been established for quantifying the
variability of the response of stochastic structural systems, mainly referring to simple linear
elastic structures under static loads. Monte Carlo simulation still remains the most universal
approach to obtaining accurate probabilistic information of a response quantity. This method
requires that the generated sample functions of the uncertain parameters most accurately
describe the probabilistic characteristics of the system. One of the most widely used method
for generating sample functions is the Spectral Representation Method that is applicable for
simulations comprising multi-dimensional, multi-variate, non-Gaussian and non-stationary
cases. However, this method can be overly computationally expensive and thus the need of
approaches that would circumvent MC simulations emerges. Meanwhile, a vast majority of
relevant studies has focused on developing Stochastic Finite Element Methodologies (SFEM)
for the numerical solution of the stochastic differential equations of the problem. Extensive
reference to these methodologies can be found in Miranda’s PhD thesis [14], briefly presented
following:
• The perturbation approach ( [45], [46], [47]). This approach is based on a Taylor series
expansion of the response with respect to the uncertain parameters of the problem.
Essentially, only a first-order expansion of the response is attainable, thus rendering
this approach unsuited for large variations of the uncertain parameters.
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• The Neumann series approach. This approach has two variations: (a) the analytical
one uses a Neumann series expansion of the response to the governing differential
equations ( [48], [49]); (b) the SFEM variation considers a Neumann series expansion
of the inverse of the stochastic stiffness matrix ( [6], [50], [51]). For smaller variations
of the uncertain parameters the method converges faster, while on the other hand, for
large variations, convergence may be slow or even impossible.
• The Weighted Integral Method ( [4], [7], [22], [52]). In this approach, the stochas-
tic stiffness matrix comprises a set of weighted integrals of the uncertain parameters
calculated for each finite element. The response is subsequently established using a
first-order Taylor expansion with respect to the weighted integrals. Due to the use
of the first-order expansion this approach is only applicable to small variations of the
uncertain parameters.
• The Spectral Stochastic Finite Element Method (SSFEM) ( [33], [53], [54]). In this
widely used approach, the response is represented as a series expansion in terms of poly-
nomial chaos basis functions. The number of terms in the polynomial chaos expansion
must be kept low to maintain the problem computationally within manageable limits.
This methodology has become clearly the most widely used one outside of Monte Carlo
simulation for its accuracy and efficiency.
Although such methods have proven to be satisfactory accurate and computationally ef-
ficient for a wide range of problems, there are still certain classes of problems in stochastic
mechanics involving combinations of strong nonlinearities, large variations of system prop-
erties and non-Gaussian system properties that can be solved with reasonable accuracy only
by employing a computationally expensive MC simulation approach.
Given this framework, the objective of this thesis is to develop a rigorous methodology
to evaluate the response variability of non-linear structural systems described by uncertain
material properties. To this end, Variability Response Function is proven to be a powerful
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tool, suitable for the above application.
The Variability Response Function (VRF) concept is an established means used to an-
alytically or numerically provide probabilistic information about a response quantity of the
structure, while being independent of the uncertain system parameters. VRF, which was
first introduced by Shinozuka [1], is a deterministic function depending only on mean val-
ues of parameters related to the geometry, material properties, boundary conditions and
loading of the structure and identifies the sensitivity of the stochastic response of the un-
certain structure to the uncertain parameters. The main advantage of the method is that it
is able to connect the variance of the response quantity to the spectral density function of
the randomly varying material properties, while being independent of the probability density
function (PDF) and spectral density function (SDF) of the underlying random heterogeneous
property field for the case of structural determinate structural systems. This is particularly
important since there is difficulty in establishing thorough probabilistic information (PSF,
SDF) of the uncertain parameters.
Although the VRF concept is continuously developing, exact analytical closed-form ex-
pressions exist only for certain cases that are currently limited to statically determinate struc-
tures where material properties are described by statistically homogeneous random fields, and
material behavior follows either a linear law or a specific class of non-linear laws, the power
laws (Teferra [17]). For statically indeterminate structures as well as two-dimensional struc-
tures, following linear material laws, Generalized Variability Response Function (GVRF)
methodology provides an approximate VRF form based on a Monte Carlo formulation
( [14], [15], [26], [27], [28], [31]). In this case, GVRFs are mildly dependent on the PDF
and SDF of the uncertain parameters. For statically determinate and indeterminate struc-
tures following arbitrary non-linear material laws, Monte-Carlo simulation and approximate
approaches listed earlier in this section exist for evaluating their response variability.
In this context, the current study aims to extend the VRF concept towards incorporating
statically determinate beam structures with deterministic loading that follow any arbitrary
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non-linear law, for which the variability of their response is assessed. For this purpose, the
compliance of the flexibility of the beam is considered to be the homogeneous random field
modeled. Several authors have demonstrated the advantages of using a flexibility approach
where the inverse of stiffness is taken as the relevant stochastic parameter ( [42], [43], [44]).
These advantages appear to be especially important for the case of relatively large COVs.
1.2 Part I Outline
The first part of this dissertation comprises three chapters:
In chapter 2, the Variability Response Function concept is introduced. The significance
of VRF as a powerful tool to predict the variability of a response quantity of a stochastic
structural system is highlighted. A literature review of fields were VRF is applied and the
limitations to the existing theory are presented. The flexibility based VRF for linear elastic
statically determinate beams derivation is thoroughly described and a numerical application
of a displacement VRF is provided for a deeper understanding of the concept.
In chapter 3, the need for a VRF that would be applicable for any arbitrary non-linear
constitutive law is acknowledged. Subsequently, the VRF for displacement of a statically
determinate beam following a bi-linear constitutive law is established, and then extended to
any piecewise linear constitutive law. Considering that every arbitrary non-linear material
law can be closely approximated by a corresponding piecewise-linear law, there is no limita-
tion in the proposed VRF methodology. A mechanics approximation is implemented in order
to obtain a closed-form expression for VRF. Evaluation of the error embedded in the compu-
tation of displacement due to the aforementioned approximation is then performed. Using a
range of different structural beams, different forms and levels of loading and different SDFs,
the validation of the suggested VRF expression is tested for the case of a bi-linear material
law. It is important that this is an analytical development of the VRF concept, which is
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a different approach than a number of research studies adopting numerical methodologies,
such as Monte Carlo simulation or perturbation techniques, to establish approximate VRFs.
Furthermore, the proposed VRF formula does not depend on any series expansions (e.g.
Taylor expansion) or stochastic approximation and therefore it is applicable to any case of
magnitude or variability of the bending flexibility random field.
In chapter 4, the findings of PartI are briefly summarized. Constraints on the appli-







This chapter presents a detailed study of the response variability of linear statically determi-
nate beams with stochastic bending flexibility and deterministic loading using the concept
of the Variability Response Function (VRF). The approach presented follows the original
flexibility approach formulation introduced by Shinozuka [1] and Deodatis and Shinozuka [2]
for linear statically determinate beam problems.
The Variability Response Function (VRF) is a deterministic function that is used to de-
termine the variance of a response quantity in combination with the SDF of a structural
property that is modeled as a homogeneous random field. The VRF of the response dis-
placement of a stochastic structural system is expressed as:
V ar [u (x)] =
∫ ∞
−∞
V RF (x, κ)Sf (κ) dκ (2.1)
where Sf (κ) is the two sided spectral density function (SDF) of the zero mean, homoge-
neous stochastic field f(x) modeling the uncertain system parameters, u(x) is the response
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displacement of the structure, κ is the wave number, and V ar [u (x)] is the variance of the
response quantity u(x).
VRF only depends only on deterministic properties of the structure, such as its boundary
conditions, geometry, mean material properties and the external loading applied. Once the
VRF is known, just by performing a trivial numerical integration we are able to calculate the
variance of the desired response quantity. The resulting variance is not only obtained consid-
erably faster compared to MC simulations approach but is also exact, since no approximation
is involved in the case of statically determined linear structures.
The V RF (x, κ) is real, non-negative, and even function. If the spectral density function
is not known, then just by visual inspection of the shape of the VRF plot, qualitative insight
can be acquired into which types of spectral density functions affect the most the variance
of the response.
k














Figure 2.1: Effect of different SDFs on calculating the response variance for same VRF.
An indicative example is shown in Figure 2.1 where one VRF and two different SDFs
of the same total power are considered. A random field with a spectral density function
which has most of its power concentrated around the wave number where the VRF has its
peak value like SF1 will generate a relatively larger response variance. A smaller response
variance is expected for a spectral density function whose power is spread across a wider
wave number range or whose peak location does not match the peak location of the VRF,
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which is the case for SF2.
The VRF can provide spectral distribution-free upper and lower bounds on the variance
of the response. In order to acquire the upper bound of the response variance, an SDF with
a given variance defined by the Dirac delta function at the peak of the VRF is used while,
on the other hand, an SDF defined by the Dirac delta function at the wave number of the
lowest VRF value can provide the lower bound of the response variance. VRF offers the
means to assess the effect of the spectral content of the underlying material property field
on the sensitivity of the response variability.
A detailed review of the literature regarding VRF can be found in the Ph.D. theses of
Manuel Miranda [14] and Kirubel Teferra [15]. The VRF concept was first introduced by
Shinozuka [1] and an exact closed-form analytical solution has been derived for statically
determinate beams following linear constitutive laws. Deodatis [2] extended the notion
of VRF to frame structures analyzed by the finite element method. Approximate VRFs
were calculated by employing a first-order Taylor expansion for the construction of stiffness
matrices. Following, the Weighted Integral Method was developed in order to calculate the
stochastic part of the stiffness matrix with respect to a stochastic random field ( [3], [4],
[6], [7]). The global stiffness matrices is constructed by adding the deterministic stiffness
matrix, comprising the mean values of the random field and the stochastic stiffness matrices.
A number of approximate VRFs were presented in the papers [5], [9], [11], [12], [13], where
the first-order expansion introduces approximation and renders the results inaccurate for
relatively large values of the variance of the stochastic system properties. Weighted Integral
Method has been used to establish VRFs for plane stress/strain models, plate bending,
frames of uncertain material properties and geometrical imperfections.
For uncertain non-linear structural systems, Teferra and Deodatis [17] analytically de-
rived for the first time a closed-form expression for the VRF when material properties follow
a certain type of non-linear constitutive law. More specifically, the existence, uniqueness,
and SDF/PDF-independence of VRF of statically determinate beam structures following a
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specific class of non-linear constitutive laws, the power laws, is proved.
A generalized variability response function (GVRF) methodology has been introduced for
the approximate evaluation of displacement response variability of statically indeterminate
structural systems following linear (Miranda and Deodatis [25]) and nonlinear (Teferra and
Deodatis [17]) constitutive laws. The produced GVRFs are only mildly dependent on the
SDF and PDF of the uncertain system parameters.
2.2 Stochastic Variability of the Beam Bending Flexibility
Despite the fact that the vast majority of deterministic structural analysis methodologies
are based on stiffness formulations, it has been demonstrated by several researchers [1], [8],
[3] that the use of a flexibility approach yields more accurate results, especially when the
variations of stochastic parameters are large. Therefore, the inverse of the Young’s modulus












is the deterministic mean compliance and f(x) is a zero-mean, homogeneous
stochastic field.
To ensure that all realizations of the flexibility are physically meaningful, upper and lower









The random field f(x) is assumed to be zero-mean and homogeneous, therefore it can
be characterized by its finite variance σ2f and either its autocorrelation function Rf (ξ) or its
spectral density function Sf (κ).
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Figure 2.2: Statically determinate beam with deterministic static loading and uncertainty
in material properties.
2.3 VRF for Linear Elastic Statically Determinate Beams
Consider the statically determinate beam of Figure 2.2 with deterministic static loading,
q(x) and Pi, and heterogeneous, randomly varying flexibility
1
EI(x)
defined in equation 2.2.
The material is following a linear elastic constitutive law of mean compliance 1
E0
.







The deterministic Green’s function is used to derive the deflection from the second deriva-


















(1 + f(ξ)) dξ (2.6)
The variance of the response displacement u(x) is calculated by taking the expectation
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and the mean square of the above equation.




− E [u (x)]2 (2.7)
















G(x, ξ1)G(x, ξ2)M(ξ1)M(ξ2)dξ1dξ2 (2.9)








G(x, ξ1)G(x, ξ2)M(ξ1)M(ξ2) [1 + f(ξ1)] [1 + f(ξ2)] dξ1dξ2 (2.10)













1 + E [f(ξ1)f(ξ2)]
)
G(x, ξ1)G(x, ξ2)M(ξ1)M(ξ2)dξ1dξ2 (2.11)
The variance of the response displacement can be written as












E [f(ξ1)f(ξ2)]G(x, ξ1)G(x, ξ2)M(ξ1)M(ξ2) dξ1dξ2
(2.12)
It is known that E [f(ξ1)f(ξ2)] = Rf (ξ2− ξ1), and taking into consideration the fact that
f(x) is statistically homogeneous, through the Wiener-Khintchine transformation Equation
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2.12 then becomes:









Sf (κ) exp [iκ (ξ1 − ξ2)]G(x, ξ1)G(x, ξ2)M(ξ1)M(ξ2) dξ1dξ2dκ
(2.13)
According to the definition of VRF and changing the order of integration yields
V ar [u (x)] =
∫ ∞
−∞
V RF (x, κ)Sf (κ) dκ (2.14)
Therefore VRF is defined as







G(x, ξ1)G(x, ξ2)M(ξ1)M(ξ2)exp [iκ (ξ1 − ξ2)] dξ1dξ2 (2.15)
This VRF expression for statically determinate beams following linear constitutive laws
was first introduced by Shinozuka [1]. Notice that all terms required to calculate the VRF
in the above equation (
1
EI0
, G(x, ξ), M(ξ) ) are deterministic.
2.3.1 Numerical Example
This section illustrates the application of VRF concept on a statically determinate beam
following a linear elastic constitutive law. We examine the indicative case of a cantilever
beam subjected to the deterministic load shown in Figure 2.3. The structure’s geometry is
given by b×h×L = 0.1m× 3
√




and, Mo = 400Nm. The applied load is low enough so that the beam responds




the structure is statically determinate and all the beam sections remain in the elastic region
upon this specific loading, Equation 2.15 can be used to analytically calculate the respective
VRF.
14







Figure 2.3: Statically determinate cantilever beam with deterministic loading and stochastic
bending compliance.
To apply Equation 2.15, Green’s function G(x, ξ) and moment distribution M(x) should
be computed. The Green’s function for a cantilever beam can be obtained using its definition
as delineated in [16] and is equal to
G(x, ξ) = (x− ξ) H(x− ξ) (2.16)
where H denotes the Heaviside step function. Essentially, Green’s function becomes:
G(x, ξ) = (x− ξ), for x > ξ (2.17)
Moment distribution function M(x) for this specific loading case is




Therefore, the VRF for this example is computed by combining Equations 2.15, 2.17, 2.18:
15
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72q2 + 8κ2(4P 2 + q(−6Mo+ q(L− x)2) + 2Pq(L− x))+
κ6(2Mo+ L(2P + Lq))2x2 + κ4(2(2Mo+ L(2P + Lq))2 − 8(P + Lq)
(2Mo+ L(2P + Lq))x+ 2(4P 2 + 6LPq + q(−2Mo+ 3L2q))x2 − 4q
(P + Lq)x3 + q2x4)− 2(36q2 + κ4((2Mo+ L(2P + Lq))2 − 4(P + Lq)
(2Mo+ L(2P + Lq))x+ (−4P 2 + 2LPq + q(10Mo+ L2q))x2 + 2q(P+
Lq)x3) + 2κ2(8P 2 + 4Pq(L− x) + q(−12Mo+ 2L2q − 4Lqx− 7qx2)))
cos(κx)− 2κx(36q2 + κ4(2Mo+ L(2P + Lq))(2Mo+ (L− x)(2P + Lq−


























Figure 2.4: VRF computed per Eq. 2.19 evaluated at various points x along the length of
the beam.
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Figure 2.4 shows plots of the VRF of displacement computed per Equation 2.19 and
evaluated at various points x along the length of the beam. It can be readily observed that
VRF decays to zero for large wavenumbers and takes on its maximum value for smaller
wavenumbers.
Moreover, just by visual inspection of the four different VRF curves at various points
x it can be concluded that even for statically determinate structures following linear ma-
terial laws for which the random field of bending compliance is modeled by homogeneous
stochastic fields, displacement along the length of the beam is a non-homogeneous random
field. This statement can be further verified by calculating the coefficient of variation of the
displacement across the length of the beam. By using an example spectral density function
and by employing Equation 2.14 we can obtain the variance of the displacement at any loca-
tion along the beam. Ensuingly, the mean value of the displacement at any location on the
beam can be computed by solving the deterministic problem of a statistically determinate
cantilever subjected to deterministic loading (P , q, Mo) following a deterministic elastic ma-
terial law of Young’s modulus E0. For any given SDF the resulting COVs fluctuate along
the beam, thus confirming the above statement that even for linear material laws where the
random field of bending compliance is modeled as homogeneous, the resulting displacement
is a non-homogeneous stochastic field.
17
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This chapter investigates the response variability of statically determinate non-linear beams
with stochastic bending flexibility and deterministic static loads. Bending flexibility is as-
sumed to be the only material property that is subjected to stochastic spatial variation.
Following the work of Teferra and Deodatis [17], who for the first time established a closed-
form exact expression for the VRF of statically determinate beams following a specific class
of non-linear constitutive laws (power laws), this study aims to extend the concept of VRF
to be applicable to beams following any arbitrary non-linear material law.
Constitutive laws can be roughly categorized into three divisions, with respect to relevant
research conducted in the field of V RF :
18
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DETERMINATE BEAMS FOLLOWING NON-LINEAR CONSTITUTIVE LAWS
• Linear laws : σ(x, ε) = E(x)ε
• Power laws: σ(x, ε) = E(x) |ε|
1
α , where α positive integer
• Nonlinear arbitrary laws : σ(x, ε) = Ef(ε)
So far the existence, uniqueness, and SDF- and PDF independence of a Variability Response
Function has been analytically proven for any statically determinate structure following a
linear elastic material law and statically determinate beam structures following a specific
class of non-linear constitutive laws (power laws). For a stochastic structural system gov-
erned by an arbitrary non-linear material law, a number of approximate approaches exist for
evaluating the system’s response variability (refer to section 1.1).
The main objective of this chapter is to introduce the VRF for computing the variance
of the response displacement of statically determinate beams governed by piecewise-linear
non-linear constitutive laws. Closed-form analytical expressions are derived using a Green’s
function-based flexibility approach. An approximation regarding the deterministic mechanics
of the problem needs be made in order to establish these analytical expressions and the
impact of this approximation on the accuracy of the computed variance is evaluated. The







Figure 3.1: Approximation of an arbitrary non-linear constitutive law by a piecewise-linear
non-linear expression.
Considering that every arbitrary non-linear material law can be closely approximated by
a piecewise-linear law (Figure 3.1), there is no limitation in the application of the proposed
19
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VRF methodology to any non-linear structural system, apart from the case of non-linear
structural systems following material laws with hysteresis. Numerical examples are provided
involving statically determinate beams of different structural systems, loading and boundary
conditions, and different spectral density functions describing the flexibility stochastic field.
3.2 VRF for Displacement of Statically Determinate Beams Follow-
ing Bi-linear Constitutive Law Relations
Given the fact that any non-linear constitutive law can be approximated by a corresponding
piecewise-linear one, it is critical to derive the expression of displacement V RF for statically
determinate beam structures following a piecewise-linear constitutive law. To begin with,
the simplest piecewise-linear law case, the bi-linear constitutive law, is considered in order
to establish the proposed VRF methodology. Based on this, the extension of the derived
VRF expression towards accounting for piecewise-linear constitutive laws of more than two
branches is straightforward.
Consider a bi-linear constitutive law defined as
σ(x, ε) =

E1(x)ε, if 0 < ε < ε1
E1(x)ε1 + E2(x)(ε− ε1), if ε1 < ε < ε2
(3.1)
which is illustrated in Figure 3.2.
Let the fluctuations of the two compliances be described by the same zero mean, homoge-
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Figure 3.2: Bi-linear constitutive law stress-strain diagram.
where E01 and E02 are deterministic constants referring to the mean Young’s modulus values
of each of the two branches of the material law.
If a structural beam is subjected to a relatively low level of loading, then it will respond
elastically. Bending stresses developed along the whole length of the beam will be then de-
scribed by the first branch of the material law equation σ(x, ε) = E1(x)ε. The corresponding
VRF expression for this case is given by Equation 2.15.
If, on the other hand, the loading level is higher, the beam behaves non-linearly. For every
structural beam following a bi-linear constitutive law as shown in Figure 3.2, two different
stress conditions can be distinguished along its length: part of the beam length is subjected
to stresses following the equation of the first branch of the material law σ(x, ε) = E1(x)ε and
part of the beam length is subjected to stresses following the second branch of the material
law equation σ(x, ε) = E1(x)ε1 + E2(x)(ε− ε1). If the loading level is high enough, in some
cases depending on the structural system, the beam can be subjected to stresses following
the second branch material law equation is in its entirety. The corresponding VRF for beams
that include not only elastic but inelastic areas will be derived herein.
A cantilever beam structure can serve as an example structural system, since it comprises
both elastic and inelastic stress conditions when carrying a relatively high load that forces
the area near the support to respond inelastically. However, the same applies in principle
to other types of statistically determinate beams with slight modifications in the derivation
process.
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3.2.1 Cantilever Beam
Let us consider the cantilever shown in Figure 3.3 whose material law follows the bi-linear
constitutive law Equation 3.1 and carrying uniform loading q. Assuming that q load is
relatively high, the beam can be divided in two sections with respect to the stress distribution
on the beam sections. The point x = x1 denotes the transition from elastic to inelastic




εa > ε1 εa < ε1 
Figure 3.3: Cantilever beam (b×h) loaded by uniform load q : elastic and inelastic parts of
the beam are denoted by x1 and x2 respectively.
elastically to the exerted bending moment and the strain of the extreme fiber εα of each cross
section is within the elastic range εα < ε1, as shown in Figures 3.4b and 3.5b.
For x < x1, beam responds inelastically and the strain of the extreme fiber εα of each
cross section falls within the range ε1 < εα < ε2 (Figures 3.4a and 3.5a). The part of the
section height that is still in the elastic region is 2×h1 and the change in the slope of the
stress distribution diagram indicates the entry into the inelastic region.
The issue of transition from elastic to inelastic region is more complex than what is shown
in Figure 3.3 and will be discussed in detail in section 4.2. In this section it is shown that
the transition from elastic to inelastic zone occurs only at one point x < x1, which is not
always the case. In fact, elastic and inelastic areas usually overlap around the transition
area.
22
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(b) For x > x1.
Figure 3.4: Strain distribution along the height of the section of the cantilever.














(a) For x < x1.














(b) For x > x1.
Figure 3.5: Stress distribution along the height of the section of the cantilever.
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3.2.1.1 Exact Solution
The moment distribution along the length of the beam m(x), assuming a rectangular cross







The derivation proceeds by examining the elastic and inelastic parts of the beam separately.
So for the two parts, moment distribution m(x) becomes:

































By utilizing the kinematic relationship y = ρε⇒ dy = ρdε, where ρ is the radius of curvature,



















b h2 E1(x) εα
6
(3.7)
Solving for εα results in the following expression:
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G(x, ξ) u′′(ξ)dξ =
∫ x1
0















where G(x, ξ) is the Green’s function for the second order ODE and u′′x<x1(x) will be
calculated in the following section.
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which is a 3rd order polynomial of εα.
In order to obtain the extreme fiber expression εα, it is required to solve the above 3
rd
order polynomial equation. Attempting to do so would lead to a complicated expression for
εα, including the random field f(x) in several terms as a non-linear function. Since it would
be impossible to separate the deterministic from the random quantities, we will proceed with
the following approximation.
3.2.1.2 Approximation
• For x < x1 :
The moment distribution along the length of the beam m(x) is determined by Equation
3.11 and the corresponding strain distribution is shown in Figure 3.6a at point 2.
The proposed approximated approach is illustrated in Figure 3.6a and 3.6b at point 3
and it is founded on the following argument: for high values of bending moment, the elastic
part of the moment carried by the section Mel = 2b
∫ h1
0
E1(x)εydy → 0 approaches zero
as the height of the elastic zone h1 → 0 approaches zero and the section responds mainly





will therefore ignore the contribution of Mel and with this assumption Equation 3.11 will
become
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h1 


















(a) Strain distribution diagrams evolution.
h1 
h1 











(b) Stress distribution diagrams evolution.
Figure 3.6: Deterministic mechanics approximation: visualization of its effect on the strain
and stress diagrams.
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Further examination of the validity of the approximation will be provided in following
section.
































































where G(x, ξ) is the Green’s function for the second order ODE.
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where ∆E0 is defined as ∆E0 = E01 − E02 .
The variance of displacement V ar[u(x)] is calculated by taking the expectation and the mean
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144 m (ξ1)m (ξ2)− 36 m (ξ1)h2b∆E0ε1
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G (x, ξ1)G (x, ξ2)
[
144 m (ξ1)m (ξ2) + 144 m (ξ1)m (ξ2) f (ξ1) +
144 m (ξ1)m (ξ2) f (ξ2) + 144 m (ξ1)m (ξ2) f (ξ1) f (ξ2)− 36 m (ξ1)h2b∆E0ε1−
36 m (ξ2)h
2b∆E0ε1 + 36 m (ξ1) f (ξ1)h



















G (x, ξ1)G (x, ξ2)
[
144 m (ξ1)m (ξ2)− 36 m (ξ1)h2b∆E0ε1−
36 m (ξ2)h




where Rff (ξ1 − ξ2) = E [f (ξ1) f (ξ2)].
The variance of the response displacement can be written as













G (x, ξ1)G (x, ξ2)m (ξ1)m (ξ2)Rff (ξ1 − ξ2) dξ1dξ2
(3.29)
If the spectral density function Sff (κ) is substituted for the autocorrelation Rff (ξ1 − ξ2)
through the Wiener-Khintchine transform, then:










G (x, ξ1)G (x, ξ2)m (ξ1)m (ξ2)×
exp [iκ (ξ1 − ξ2)]Sff (κ) dξ1dξ2dκ
(3.30)
Changing the order of integration yields
V ar [u (x)] =
∫ ∞
−∞
V RF (x, κ)Sff (κ) dκ (3.31)
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where VRF is defined as








G (x, ξ1)G (x, ξ2)m (ξ1)m (ξ2) exp [iκ (ξ1 − ξ2)] dξ1dξ2 (3.32)
To sum up, Equation 3.32 provides the VRF expression for x < x1, meaning the VRF
for the part of the structure that responds inelastically (εalpha > ε1). We emphasize that the
derivation of this expression does not depend on any probabilistic approximation, but on the
aforementioned deterministic mechanics approximation.
• For x > x1 :
For the elastic part of the cantilever we were able to compute the second derivative of the
displacement without any approximation involved (Equation 3.9). However, for the displace-
ment expression (Equation 3.10), the deterministic mechanics approximation is incorporated
within the two terms containing u′′x<x1(ξ) which was calculated in Equation 3.20.





























The variance of the response displacement V ar[u(x)] is then calculated by taking the expec-
tation and the mean square of the above equation. The expectation of the displacement is
given by:
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12m(ξ1) [1 + f(ξ1)]− 3h2b∆E0ε1
]
×[














G(x, ξ)12m(ξ) [1 + f(ξ)]− 3h2b∆E0ε1dξ ×
∫ x
x1
G(x, ξ)12m(ξ) [1 + f(ξ)] dξ
(3.36)












G (x, ξ1)G (x, ξ2)
[
144 m (ξ1)m (ξ2)− 36 m (ξ1)h2b∆E0ε1−
36 m (ξ2)h









G (x, ξ1)G (x, ξ2)m (ξ1)m (ξ2)
[














G (x, ξ) 12m (ξ) dξ
(3.37)
32
CHAPTER 3. VARIABILITY RESPONSE FUNCTION FOR STATICALLY
DETERMINATE BEAMS FOLLOWING NON-LINEAR CONSTITUTIVE LAWS
The variance of the response displacement can be written as:





















G (x, ξ1)G (x, ξ2)m (ξ1)m (ξ2)Rff (ξ1 − ξ2) dξ1dξ2
(3.38)
If the spectral density function Sff (κ) is substituted for Rff (ξ1 − ξ2) through the Wiener-
Khintchine transform, and after changing the order of integration:
V ar [u (x)] =
∫ ∞
−∞
V RF (x, κ)Sff (κ) dκ (3.39)
where VRF is defined as:















G (x, ξ1)G (x, ξ2)m (ξ1)m (ξ2) exp [iκ (ξ1 − ξ2)] dξ1dξ2
(3.40)
Equation 3.40 provides the VRF expression for the elastic part of the beam where x > x1.
This VRF expression includes the mechanics approximation embedded within the second
derivative of displacement u′′x<x1(ξ) which was calculated in Equation 3.20. We could alter-
natively derive the VRF expression of the elastic part by starting the integration from the
free tip of the cantilever towards the point x1 and thus avoid the mechanics approximation
altogether for the elastic part of the cantilever. This is of minor importance though since
this study is focusing on the inelastic part of the beam.
We emphasize that the approach presented in this chapter follows the original formu-
lation based on the flexibility approach. The derivation of the VRF integral expressions
(Equations 3.32 and 3.40) does not depend on any probabilistic approximation and therefore
the expressions are independent of the relative magnitude of the variability of the bending
stiffness random field E(x).
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3.3 VRF for Displacement of Statically Determinate Beams Follow-
ing Piecewise-linear Constitutive Laws of N Branches
As stated above, the scope of this study is to derive the expression of displacement V RF for
statically determinate beam structures following a piecewise-linear constitutive law. Having
established the proposed methodology by employing the bi-linear constitutive law relation-
ship, the derivation of a VRF expression for piecewise-linear constitutive laws of more than
two branches is a direct extension of the bi-linear formulation.
Consider a multi-linear constitutive law with N branches defined as
σ(x, ε) =

E1(x)ε, if 0 < ε < ε1
E1(x)ε1 + E2(x)(ε− ε1), if ε1 < ε < ε2
...
E1(x)ε1 + E2(x)ε2 + ...+ EN(x)(ε− εN−1), if εN−1 < ε < εN
(3.41)
which is illustrated in Figure 3.7.
Let the fluctuations of compliance be described by a zero mean, homogeneous stochastic



















where E0N are deterministic constants referring to the mean Young’s modulus values of each
of the N branches of the material law.
Let us consider the cantilever shown in Figure 3.8 following the piecewise-linear consti-
tutive law Equation 3.41, subjected to uniform load q. Assuming that load q is relatively
high, the beam can be divided in N sections with respect to the stress distribution on the
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Figure 3.8: Cantilever beam b×h loaded by uniform load q : N segments xi corresponding
to the N different branches of the material law.
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beam sections. The N segments xi denote the transition from one material law branch to
the next one as the bending moment increases towards the support.
If the loading level is relatively high, the beam behaves strongly non-linearly. For this
structural beam following the constitutive law shown in Figure 3.7, it is possible to distinguish
N different stress conditions along its length; part of the beam of length xN is subjected to
stresses following the equation of the the first branch of the material law σ(x, ε) = E1(x)ε,
part of the beam of length xN−1 is subjected to stresses following the second branch of the
material law equation σ(x, ε) = E1(x)ε1 +E2(x)(ε−ε1) and this continues up to the last part
of the beam of length x1 near the support that follows the Nth branch material law equation
σ(x, ε) = E1(x)ε1 + E2(x)ε2 + ... + EN(x)(ε − εN−1). As mentioned in section 3.2.1 for the
bilinear material law, transition from one branch of the material law to the next one doesn’t
occur at one point. There can be overlapping areas spread around the transition points.
Figures 3.9 and 3.10 illustrate the strain and stress distribution diagrams for beam sec-
tions along the length of the beam. The part of the section height that follows the ith branch
material law equation is equal to 2×(hi − hi−1).
Adopting the same formulation as the bi-linear law problem, the corresponding VRF for
beams following a piecewise-linear constitutive law can be derived as follows:
• For x < L1 :








G (x, ξ1)G (x, ξ2)m (ξ1)m (ξ2) exp [iκ (ξ1 − ξ2)] dξ1dξ2
(3.43)
• For L1 < x < L2 :















G (x, ξ1)G (x, ξ2)m (ξ1)m (ξ2) exp [iκ (ξ1 − ξ2)] dξ1dξ2
(3.44)
• For LN−1 < x :
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G (x, ξ1)G (x, ξ2)m (ξ1)m (ξ2) exp [iκ (ξ1 − ξ2)] dξ1dξ2+







G (x, ξ1)G (x, ξ2)m (ξ1)m (ξ2) exp [iκ (ξ1 − ξ2)] dξ1dξ2
(3.45)
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Figure 3.9: Strain distribution along the height of the section of the cantilever.
σ1 















































































Figure 3.10: Stress distribution along the height of the section of the cantilever.
(a) For x < L1.
(b) For LN−2 < x < LN−1.
(c) For LN−1 < x.
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In conclusion, the response variability of statically determinate nonlinear beams with
stochastic bending flexibility and deterministic loads has been investigated, employing a
flexibility approach. A closed-form expression for the V RF of statically determinate beams
following piecewise-linear constitutive laws with N branches has been analytically derived.
The obtained formula (Equations 3.43, 3.44, 3.45) includes a mechanics approximation, the
effect of which will be quantified in the next section. Having obtained the expression for
V RF , the calculation of the variance of the displacement for any arbitrary constitutive
law can be performed by employing a simple numerical integration (Equation 2.1), circum-
venting the need for computationally expensive Monte-Carlo simulations. The tremendous
computational savings will be demonstrated in a later section.
As a final remark, we emphasize that no assumptions have been made regarding the
probability distribution of the random field f(x), other than the constraint derived from the
requirement that the bending flexibility must be strictly positive and uniformly bounded
from above and below.
3.4 Mechanics Approximation: Quantification of Error Introduced
In order to establish the closed-form analytical expression for the V RF of statically deter-
minate beams following piecewise-linear constitutive laws, a mechanics approximation was
required. This section illustrates the magnitude of error embedded in the formula due to
the aforementioned approximation by means of numerical examples involving two statically
determinate beams and different levels of loading. The level of loading and consequently
the level of plastification of the cross sections along the beam play a major role in deter-
mining the magnitude of error. The embedded simplification approaches the real mechanics
behavior for high bending moments and hence high developed stresses on the beam section,
meaning as the strain distribution diagram tends to become horizontal (Figure 3.6a).
For this purpose, two statically determinate structural beams serve as example structures,
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one cantilever beam loaded by uniformly distributed load q and one simply supported beam
loaded by point bending moment Mo on its ends as shown in Figure 3.11. The material
parameters of the beams are considered to be deterministic in order to eliminate the effect










Figure 3.11: Cantilever beam loaded by uniform load q and simply supported beam loaded
by point bending moment Mo on its ends.
Both beams follow a bi-linear material law as given in Equation 3.1 and nominal values of
Young’s modulus are equal to E01 = 1.25×108
N
m2
and E02 = 0.50×108
N
m2
for the elastic and
inelastic branches respectively. The transition from the elastic to the inelastic part occurs




geometry is given by b× h× L = 0.1m× 3
√
12m× 10m.
We examine the response of the two beams when subjected to four levels of deterministic
loading and subsequently the error between the displacement computed through the exact
formula and the one computed based on the approximated approach.
• For the cantilever beam :
We examine the displacement at the tip of the cantilever x = L. The displacement can be
computed as in Equation 3.10, where G(x, ξ) is the Green’s function for the second order
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ODE which for the cantilever is
G(x, ξ) =

0, for x < ξ
(x− ξ), for x > ξ
(3.46)
The second derivative of the displacement u′′x<x1(ξ) is what differs between the exact and
the approximate solution.





where εα(ξ) is the solution to the 3rd order polynomial of Equation 3.15 for every point ξ of
the beam 0 < ξ < L.
For the approximate solution:







Four different levels of loading are chosen to be applied, q = 500
N
m







and, q = 3, 000
N
m
. The different levels of loading correspond to different plastifi-
cation levels on the beam sections, hence different magnitude of error. It is expected that
higher plastification level [P.L.] (meaning larger strains developed) on larger part of the
beam length, leads to smaller values of error, with the extreme case of error approaching
zero (error → 0) for very large strain values (practically when strain diagram tends to be-
come horizontal). A convention had to be established regarding what is considered to be
P.L. = 100% since the hardening of the second branch of the material law allows for infinite
load to be carried. So for the purpose of this study, P.L. = 100% is assumed to be reached
when just 5% of the beam section height remains in the elastic region and the rest 95%
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Table 3.1: Error % in the calculated displacement due to mechanics approximation for
cantilever beam













































q = 500 N/m
q = 700 N/m
q = 1500 N/m
q = 3000 N/m
Figure 3.12: Plastification levels for different uniform load q values on cantilever beam.
behaves inelastically. P.L. = 0% indicates that this part of the beam behaves elastically.
Table 3.1 presents the error embedded in the computation of the approximate displace-
ment for different loading levels. Combining data from Table 3.1 with Figure 3.12, it is
evident that increasing the level of plastification along the beam length directly results in
a drop of the error value. Even if only a limited part of the beam is plastified, which is
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the case for q = 700
N
m
, the associated error is merely 5%. This means that the mechanics
approximation hardly affects the resulting displacement and the suggested approach gener-
ates sufficiently accurate displacement values for loading levels that provide some level of
plastification on the beam.
• For the simply supported beam :
We examine the displacement at the middle section of the beam x = L
2
. The displacement




G(x, ξ) u′′x<x1(ξ)dξ (3.49)

















, for x > ξ
(3.50)
The second derivative of the displacement u′′x<x1(ξ) is what differs between the exact and
the approximate solution.





where εα(ξ) is the solution to the 3rd order polynomial of Equation 3.15 for every point ξ of
the beam 0 < ξ < L
2
.
For the approximate solution:
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Table 3.2: Error % in the calculated displacement due to mechanics approximation for simply
supported beam
uexact (m) uapproximate (m) error %
Mo = 17, 000 Nm 0.0102 0.0089 11.67
Mo = 20, 000 Nm 0.0134 0.0127 5.08
Mo = 35, 000 Nm 0.0316 0.0315 0.39
Mo = 50, 000 Nm 0.0502 0.0502 0.09





























 = 17,000 Nm
M
o
 = 20,000 Nm
M
o
 = 35,000 Nm
M
o
 = 50,000 Nm
Figure 3.13: Plastification levels for different bending momentMo values on simply supported
beam.
Again, four different levels of loading are chosen to be applied, Mo = 17, 000 Nm,
Mo = 20, 000 Nm, Mo = 35, 000 Nm and, Mo = 50, 000 Nm. Different levels of loading
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Mo are examined, correspond to different plastification levels, in order to explore different
magnitudes of error. For the simply supported beam case, the plastification level is uniform
along the length of the beam due to the uniform bending moment distribution. This results
in same level of error as the cantilever beam, being attained by lower plastification level on
the simply supported beam, because of its uniform distribution.
Table 3.2 summarizes the error embedded in the computation of the approximate dis-
placement for different loading levels carried by the simply supported beam. Collectively
analyzing data from Table 3.2 and Figure 3.13 one can observe that even a small increase in
the level of plastification along the beam length results in large drop of the error value. Even
for moderate levels of plastification, i.e. Mo = 20, 000 Nm with P.L. = 62%, the associ-
ated error is merely of the magnitude of 5%. This means that the mechanics approximation
involved hardly distorts the computed displacement and the suggested approach generates
sufficiently rigorous displacement values for loading levels that provide even mild plastifica-
tion of the beam. This statement is more valid as the plastification along the length of the
beam becomes more uniform. Uniformity in the P.L. distribution plays more important role
in maintaining small error values than imposing high P.L. in small part of the beam length.
One additional observation is that the displacement computed through the suggested
methodology is by definition slightly smaller than the exact one due to the proposed strain
diagram modification. Associated with VRF, though, is the variance of the response dis-
placement, not the absolute value of the displacement. Quantifying the transition of the
error from the deterministic problem (displacements) to the probabilistic (variance of dis-
placement) is virtually impossible.
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3.5 Validation of Analytical Formula through Monte-Carlo Simula-
tions
Equations 3.43, 3.44 and 3.45 are analytically derived in order to compute the variance of
the displacement u(x) of statistically determinate beams following any random constitutive
law. Due to the aforementioned simplification made in the derivation of the V RF formula,
it is necessary that the associated error introduced be quantified. This section vividly shows
the magnitude of error embedded in the formula by means of numerical examples involving
different statically determinate beams, different spectral density functions and a range of
different levels of loading. In order to validate the accuracy of the suggested analytical for-
mula, Monte-Carlo (MC) simulation approach is employed. It should be mentioned that MC
approach involves the generation of a large number of sample functions of the stochastic field
f(x), subsequent deterministic numerical solution of the resulting beams with the generated
fluctuations of the inverse of the elastic modulus, and eventually statistical analysis of the





























Figure 3.14: Example structures used: (a)-(c): Cantilever beams & (d) Simply supported
beam
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To this end, four different structural systems of statically determinate beams (Figure
3.14) serve as example structures, a cantilever beam loaded by uniformly distributed load q
(Figure 3.14a), a cantilever beam loaded by point load P at its tip (Figure 3.14b), a cantilever
beam loaded by distributed load q(x) = qmax · (L−x) (Figure 3.14c) and a simply supported
beam loaded by point bending moments Mo on its ends (Figure 3.14d). All beams follow
a bi-linear material law as given in Equation 3.1. The various parameters are assigned the
following values: E01 = 1.25× 108
N
m2
, E02 = 0.50× 108
N
m2
, L = 10m, b = 1m, h = 3
√
12m.
The case of the simply supported beam with constant bending moment over its length offers
the advantage of uniform level of plastification on the beam which, as shown in the previous
chapter, leads to smaller error values.
Three different functional forms are used to model the second-moment characteristics
— autocorrelation and spectral density functions — of the random fields considered in this
chapter. Let f(x) be a homogeneous random field with zero mean, finite variance σ2f , auto-










Rf (ξ) · exp(−iκξ)dξ (3.54)
Table 3.3 summarizes the SDF forms used and Figure 3.15 visualizes their form. The
corresponding autocorrelation functions and their characteristic correlation length are also
listed in Table 3.3.
The correlation length Lf of a homogeneous random field determines the decay of the
mutual influence of two different locations of a random field. It is defined as the minimum
distance greater than which random fluctuations in one region are uncorrelated with those
in another region. Several formulas have been proposed to define the correlation length of a
zero-mean homogeneous random field f(x). In this thesis, we use the expression suggested
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Table 3.3: Functional forms Sf1 − Sf3
Spectral Density Function Autocorrelation Function Correlation Length
Sf1(κ) = 0.015 · e−5·κ
2
Rf1(ξ) = 0.01 · e−
ξ2
20 l1 = 3.960 m
Sf2(κ) = 0.0016 · e−0.05·κ
2
Rf2(ξ) = 0.01 · e−5·ξ
2
l2 = 0.396 m
Sf3(κ) = 0.02 · κ2 · e−2·|κ| Rf3(ξ) = 0.64−0.48·ξ
2
(4+ξ2)3
l3 = 1.300 m




















Figure 3.15: Example Spectral Density Functions used (σ2f = 0.01).
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Figure 3.16: Random field realizations f(x) generated from Spectral Density Functions
Sf1(κ), Sf2(κ) and Sf3(κ) respectively.
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where ρf (ξ) is the normalized autocorrelation function ρf (ξ) = Rf (ξ)/σ
2
f and ξ0 = min
{ ξ ∈ [0,+∞] , ρf (ξ) = 0 }. The correlation length controls the relative regularity of the
spatial realizations. If it is very small then the realizations are highly fluctuating, whereas
if it is very large the realizations are almost constant.
All three SDF of stochastic field f(x) modeling the inverse of the elastic modulus have
almost the same total power (variance of stochastic field f(x) σ2f = 0.01) but different
power concentration across the wave-length axis, which is further confirmed by comparing
their corresponding correlation length. Indicative realizations of the stochastic fields f(x)
generated by the three SDFs are visualized in Figure 3.16.
Our goal in this chapter is to compute the variance of the displacement V ar[u(x)] of
some point of the beam by using the proposed closed-form V RF formula (Equations 3.43,
3.44 and 3.45) and subsequently to compare the resulting V ar[u(x)] with the one measured
by employing MC simulations as described earlier in order to measure the error introduced
by the mechanics approximation.
The position of interest where the variance of the displacement will be computed at is
the tip of the cantilever [V aru(x = L)] and the mid-span for the simply supported beam
[V aru(x = L/2)].
• Compute V ar[u(x)] using the suggested V RF formula (Eq. 3.43, 3.44 and 3.45) :
The resulting V RF (L, k) of the displacement for the three loading cases of cantilever
beam are computed through Equation 3.40 and depicted in Figures 3.17, 3.18, 3.19. For the
simply supported beam case, V RF (L/2, k) of the displacement is computed through 3.32,
since for all of the applied bending moment values beam responds inelastically throughout
its length, and shown in Figure 3.20. The produced VRFs exhibit the function’s fundamen-
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tal attribute, meaning that they only depends on deterministic parameters describing the
geometry, material properties and loading of the structure.
Having produced the V RFs of interest, the variance of the response V ar[u(x)] for each
structural beam case, each level of loading and each spectral density function can be calcu-
lated using Equations 2.1.
• Compute V ar[u(x)] by employing Monte-Carlo simulation approach:
MC approach implementation comprises the generation of a large number of sample
functions of the stochastic field f(x) of the inverse of the elastic modulus, and ensuingly
numerically solve the resulting deterministic beams. For each SDF used, f(x) realizations













Then, for the generated compliance stochastic field, for each level of applied loading
the beam is examined deterministically, the bending moment distribution is calculated and
eventually the developed displacement is computed numerically. Therefore, for each level of
loading we can estimate the variance of the response displacement V ar[u(x)]. In order to
attain convergence of the computed V ar[u(x)] over number of the simulations, a large total
number of simulations is required. For this study, 106 simulations were conducted for each
case to ensure convergence.
Figure 3.21 visualizes the distribution of the generated (through Monte Carlo) f(x) values
of the stochastic field following spectral density function Sf1 with mean value µf = 0 and
standard deviation σf = 0.1090. The total number of f(x) values used to make the plot is
the product of the number of MC simulations used (700,000) times the number of elements
that the beam consists of where f(x) is evaluated in each simulation (38 elements along the
beam length). This gives a total of 26,600,000 f(x) values used to produce this histogram.
The red line denotes the respective Gaussian distribution with same µ and σ values as Sf1.
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Figure 3.17: Variability response function for tip displacement of cantilever with uniformly
distributed load q.





















Figure 3.18: Variability response function for tip displacement of cantilever with point load
P at its tip.
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Figure 3.19: Variability response function for tip displacement of cantilever with distributed
load q(x) = qmax · (L− x).



























Figure 3.20: Variability response function for mid-span displacement of simply supported
beam with point bending moments M on its ends.
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It can be easily concluded by visual inspection of the plot that the red line intersects the
centers of the bars plot, therefore Monte Carlo simulation process produces stochastic fields
that accurately reflect the properties of spectral density function that is used to produce
them.
To support the visual conclusions, the following moments of f(x) distribution are com-
puted:
• Min f(x) : −0.5549
• Max f(x) : 0.5718
• Mean f(x) : 2.6× 10−5
• Variance f(x) : 0.1090
• Skewness f(x) : 0.001
• Kurtosis f(x) : 2.9840
These values are almost identical to the Gaussian distribution values, proving what is
visually shown, that the generated f(x) values precisely follow a Gaussian distribution. It is
also important to notice that the minimum and maximum values of f(x) generated manage
to approach the ±6 · σ value which according to [41] has a probability of occurrence equal
to 2 · 10−9.
The right and left tails of the plot are magnified to observe the extreme values of the
stochastic field in Figures 3.22 and 3.23. It is important that even the extreme values
flawlessly follow the prescribed Gaussian, as the bars fall under the red line. The extreme
values are highly significant because they are responsible for extreme Young’s modulus values
E01 and E02 that subsequently produce extreme displacement values and disturb the variance.
The large variations of the simulated stochastic field, as proven by the extreme values
of f(x), can explain the large number of simulations required to provide convergence. If, for
example, large values of f(x) are found close to the support, this results to high compliance
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and combined with large bending moment may lead to increased rotation at the support
and increased displacement at the tip. As a result, extreme displacement values affect the
computed variance of displacement and for the sake of convergence a large number of sample
functions f(x) is needed to be generated.













Histogram of f(x) values
f(x)
Figure 3.21: Histogram of stochastic field f(x) values is perfectly enclosed by Gaussian
distribution of mean value µf = 0 and standard deviation σf = 0.1090.
After generating the stochastic field f(x) by employing spectral representation method,
the displacement can be computed for all examined cases. The results for the displacement
for a specific level of loading are summarized below. Note that these displacement values
are based on MCS. The selected load levels are being explained afterwards.
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Figure 3.22: Histogram of stochastic field f(x) values is perfectly enclosed by Gaussian












Figure 3.23: Histogram of stochastic field f(x) values is perfectly enclosed by Gaussian
distribution of mean value µf = 0 and standard deviation σf = 0.1090.
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• Cantilever beam with uniformly distributed load q
Sf1 :
q = 4 kN/m
umin = 0.46 m
umax = 1.35 m
umean = 0.91 m
uvar = 0.0096 m
uCOV = 0.1083 m
Sf2 :
q = 4 kN/m
umin = 0.70 m
umax = 1.12 m
umean = 0.91 m
uvar = 0.0021 m
uCOV = 0.0503 m
Sf3 :
q = 1.5 kN/m
umin = 0.21 m
umax = 0.35 m
umean = 0.29 m
uvar = 0.000246 m
uCOV = 0.0543 m
• Cantilever beam with point load P at its tip
Sf1 :
P = 10 kN
umin = 0.31 m
umax = 0.85 m
umean = 0.57 m
uvar = 0.0040 m
uCOV = 0.1111 m
Sf2 :
P = 10 kN
umin = 0.45 m
umax = 0.70 m
umean = 0.57 m
uvar = 0.0007 m
uCOV = 0.0476 m
Sf3 :
P = 7 kN
umin = 0.30 m
umax = 0.44 m
umean = 0.37 m
uvar = 0.00026 m
uCOV = 0.0437 m
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• Cantilever beam with distributed load q(x) = qmax · (L− x)
Sf1 :
qmax = 15 kN/m
umin = 0.49 m
umax = 1.35 m
umean = 0.92 m
uvar = 0.0100 m
uCOV = 0.1086 m
Sf2 :
qmax = 12 kN/m
umin = 0.54 m
umax = 0.90 m
umean = 0.72 m
uvar = 0.0016 m
uCOV = 0.0555 m
Sf3 :
qmax = 5 kN/m
umin = 0.19 m
umax = 0.33 m
umean = 0.26 m
uvar = 0.00025 m
uCOV = 0.0617 m
• Simply supported beam with point moments M on its ends
Sf1 :
M = 100 kNm
umin = 0.06 m
umax = 0.17 m
umean = 0.11 m
uvar = 0.0002 m
uCOV = 0.1121 m
Sf2 :
M = 70 kNm
umin = 0.06 m
umax = 0.10 m
umean = 0.08 m
uvar = 0.00002 m
uCOV = 0.0577 m
Sf3 :
M = 50 kNm
umin = 0.03 m
umax = 0.06 m
umean = 0.05 m
uvar = 0.000008 m
uCOV = 0.0588 m
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Notice that same load on the same structural beam and different SDFs gives the same
mean value of displacement, as expected. Another parameter of interest is the coefficient
of variation of displacement uCOV which is a standardized index of the variability of the
displacement quantity. If we look at the results for the same SDFs, we can observe COV
of the same magnitude. Variance of displacement uvar is not a reliable measure because the
loading level varies in each examined case, affecting the computed variance.
Having completed the analytical and numerical evaluation of the V ar[u(x)] of the four
structural beam cases, the results of the two methodologies are compared. Figure 3.24 refers
to the cantilever beam with uniformly distributed load q case and random material modeled
by stochastic field Sf1(κ) and position of interests being the tip of the cantilever (x = L).







, q = 2
kN
m
, q = 3
kN
m
, q = 4
kN
m
, q = 200
kN
m
. The figure depicts the deviation of the
closed-form analytical calculation of V ar[u(L)] which included the mechanics approximation,
from the results produced by employing MC simulation. This deviation is mainly attributed
to the mechanics approximation embedded and hardly to numerical errors embedded in MC.
For a certain number of simulations (approximately 4 × 105 in this case), the error
converges to its final value for each loading case. Moreover, evolution of the load level
reveals its effect on the error. With the increase of the loading level, hence the plastification
level on the beam, the error approaches its optimum value. There is a certain loading level
for each case (approximately q = 4 kN/m in this case) greater than which the error remains
practically unchanged. For this level of loading, plastification is high enough to reduce the
mechanics error contribution to a minimum value and the discrepancies between analytically
derived and MC obtained V ar[u(L)] stem mainly from sources of numerical error, such as:
• Error related to discretization of length and wavelength used in MC simulations
• Error arising from the finite number of realizations used in MC simulations
• Error related to the numerical integration of VRF × SDF to estimate V ar[u(L)]
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Figure 3.24: Cantilever beam with uniformly distributed load q (Figure 3.14a) and random
material modeled by stochastic field f(x) following Sf1(κ). Error in computing the variance
of displacement V aru(L) using the suggested approximate analytical V RF (L, κ) formula ver-
sus employing Monte-Carlo simulation for different levels of loading. Convergence attained
for q = 4 kN/m.













Plastification Level for q=4 kN/m






Figure 3.25: Cantilever beam with uniformly distributed load q (Figure 3.14a). Material is
addressed as deterministic. Plastification level along the beam for q = 4kN/m.
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In order to investigate the role of plastification across the beam on the resulting error and
determine the degree of plastification required in order to attain minimum contribution of
the mechanics approximation on the magnitude of error, focus is placed on the plastification
level for the load values when error convergence is attained. Load level of convergence in
Figure 3.24 is q = 4kN/m and Figure 3.25 depicts the plastification level along the beam
for this load value, considering the beam material as deterministic and Young’s modulus
values equal to their average values E01 and E02 . As established in the previous chapter,
P.L. = 100% denotes that 5% of the beam section height remains in the elastic region and
the rest 95% responds inelastically. P.L. = 0% suggests that this part of the beam behaves
elastically. It can be readily observed that a big part of the beam is greatly plastified for
q = 4kN/m, justifying the elimination of mechanics error contribution for load values greater
than this. The error decreases with increasing non-linearity on the beam.
Plots of the associated error for each case examined and plots of the plastification level
for loading level equal to the convergence load value are presented for all the examined cases
(Figures 3.26 - 3.33). The conclusions are summarized below:
• Cantilever beam with uniformly distributed load q
Convergence Load
Sf1 : q = 4 kN/m
Sf2 : q = 4 kN/m
Sf3 : q = 1.5 kN/m
Final Error
Sf1 : e = 3.5%
Sf2 : e = 0.5%
Sf3 : e = 1.4%
• Cantilever beam with point load P at its tip
Convergence Load
Sf1 : P = 10 kN
Sf2 : P = 10 kN
Sf3 : P = 7 kN
Final Error
Sf1 : e = 4%
Sf2 : e = 0.3%
Sf3 : e = 1.7%
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• Cantilever beam with distributed load q(x) = qmax · (L− x)
Convergence Load
Sf1 : qmax = 15 kN/m
Sf2 : qmax = 12 kN/m
Sf3 : qmax = 5 kN/m
Final Error
Sf1 : e = 2.2%
Sf2 : e = 0.9%
Sf3 : e = 1.9%
• Simply supported beam with point moments M on its ends
Convergence Load
Sf1 : M = 100 kNm
Sf2 : M = 70 kNm
Sf3 : M = 50 kNm
Final Error
Sf1 : e = 0.9%
Sf2 : e = 0.5%
Sf3 : e = 2.5%
It is evident that magnitude of error changes for different SDFs, but never exceeds 4.0%.
In addition, different SDFs, also require different plastification degree on the beam to allow
convergence to the final error value, meaning that the convergence load also differs.
Moreover, by examining the plots of plastification level that corresponds to the conver-
gence load for each case, it is apparent that in order to achieve convergence, high plastification
along the beam should be present at a considerable part of the beam. For the case of the
simply supported beam, the plastification condition presents an extreme behavior with the
whole beam being more than 95% plastified but this is explained by the uniform bending
moment distribution on the beam. In other words, even if only a part of the beam is required
to be fully plastified to obtain convergence, this leads to the full beam being plastified due
to the constant bending moment.
Although the error produced in each case shows a small variation for different combina-
tions of structural beam cases and SDFs, it remains under 4.0% for all examples examined.
So, for a considerable level of plastification on the beam, the derived analytical expression
of VRF successfully predicts the variance of the response displacement of the position of
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interest and the mechanics approximation involved hardly affects the result. The proposed
methodology exhibits the following fortunate paradox. Unlike the vast majority of existing
formulas that work better for linear problems, the suggested VRF produces more accurate
results as the problems becomes more and more strongly non-linear. In other words, the
error converges to the smallest value as the non-linearity increases.
3.6 Variability of the location of first yield and hinge formation
The variability of the location of first yield and plastic hinge formation (when 95% of the
section behaves inelastically) and the variability of the load at which first yield occurs are
considered in this chapter. The structural systems examined are the cantilever beam with
uniformly distributed load q and the simply supported beam with point moments M on
its ends (Figures 3.14a and 3.14d), and the stochastic field f(x) modeling the material
compliance is described by power spectra Sf1(k), Sf2(k) and Sf3(k) given at Table 3.3.
Direct MC simulations of the beam response comprising 5 × 105 samples are generated
and for each realization the following parameters are examined:
For the cantilever beam with q:
• Position xy where yielding of beam section occurs first, meaning εalpha(xy) = ε1
• Uniform load value qy for which first yield occurs
• Position xpl of first plastic hinge
For the simply supported beam with M:
• Position xy where yielding of beam section occurs first, meaning εalpha(xy) = ε1
• Position xpl of first plastic hinge
The results for xy and xpl are presented in the form of histogram plots (Figures 3.34a,
3.35a, 3.36a), where the horizontal axis represents the beam length which is divided in equal
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segments and the vertical axis shows a count of how many times a certain xy or xpl value was
found in a certain segment. For the uniform load qy at first yield, Figures 3.34b, 3.35b, 3.36b
depict the fluctuation of the resulting qy for different f(x) realizations. The histograms of
the position of first yield xy are omitted since they coincide with the corresponding xpl, due
to the fact that stochastic fields of both material branches are assumed to be modeled with
the same f(x) realization.
For the cantilever case, histograms focus on an area of the beam that is close to the sup-
port, where plastification is mostly concentrated due to the bending moment distribution. In
contrast to cantilever beams with deterministic material properties E01 and E02 where plastic
hinge will first form at the support, for the case of cantilever beam with stochastic mate-
rial properties plastic hinge formation may first occur at a location around the support but
different from x = 0, which is the case for Sf2 and Sf3. This statement carries importance
considering that this fluctuation of xy and xpl position is neglected if material is addressed
as deterministic with constant material properties E01 and E02 along its length. Spectral
density function Sf1 has large correlation length and almost approaches the behavior of a
deterministic material with constant E01 and E02 , thus results in Figure 3.34a exhibit an
extreme behavior and the entirety of 5× 105 simulations predict xpl=0.
For the simply supported beam case, histograms examine the entire beam length, due to
the uniform bending moment distribution. As expected, xpl is almost uniformly distributed
across the beam since all positions are equally possible for the first plastic hinge to be
developed.
The significance of computing xy and xpl when calculating the displacement variation
on the beam lies in the fact that after a beam section reaches the yielding stress or more
importantly after it turns into a plastic hinge, displacement at the tip of the cantilever is
controlled by the developed rotation at that yielded section, more like a rigid body rotation
and is not much dependent on the variability of E01 and E02 .
The results for variability of location of first yield xy are summarized in Tables 3.4 and 3.5.
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Table 3.4: Cantilever beam: Variability of location of first yield xy
xymean xystdv xyCOV
Sf1 0 0 0/0
Sf2 0.2 0.3 1.50
Sf3 0.09 0.25 2.77
Table 3.5: Simply supported beam: Variability of location of first yield xy
xymean xystdv xyCOV
Sf1 4.95 3.75 0.76
Sf2 4.95 2.95 0.60
Sf3 4.95 2.99 0.60
Table 3.6: Cantilever beam: Variability of uniform load value qy for which first yield occurs
on the beam
qymean qystdv qyCOV
Sf1 220.99 24.53 0.111
Sf2 214.23 20.22 0.094
Sf3 219.02 20.90 0.095
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Figure 3.26: Cantilever beam with uniformly distributed load q (Figure 3.14a) and random
material modeled by stochastic field f(x) following (a) Sf2(κ) and (b) Sf3(κ). Error in
computing the variance of displacement V aru(L) using the suggested approximate analytical
V RF (L, κ) formula versus employing Monte-Carlo simulation for different levels of loading.
Convergence attained for (a) q = 4 kN/m and (b) q = 1.5 kN/m.
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Plastification Level for q=4 kN/m




















Plastification Level for q=1.5 kN/m





Figure 3.27: Cantilever beam with uniformly distributed load q (Figure 3.14a). Material is
addressed as deterministic. Plastification level along the beam for (a) q = 4 kN/m and
(b) q = 1.5 kN/m.
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Figure 3.28: Cantilever beam with point load P at its tip (Figure 3.14b) and random material
modeled by stochastic field f(x) following (a) Sf1(κ), (b) Sf2(κ) and (c) Sf3(κ). Error in
computing the variance of displacement V aru(L) using the suggested approximate analytical
V RF (L, κ) formula versus employing Monte-Carlo simulation for different levels of loading.
Convergence attained for (a) P = 10 kN , (b) P = 10 kN and (c) P = 7 kN .
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Plastification Level for P=10 kN


















Plastification Level for P=7 kN





Figure 3.29: Cantilever beam with with point load P at its tip (Figure 3.14b). Material
is addressed as deterministic. Plastification level along the beam for (a) P = 10 kN and
(b) P = 7 kN .
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Figure 3.30: Cantilever beam with distributed load q(x) = q · (L − x) (Figure 3.14c) and
random material modeled by stochastic field f(x) following (a) Sf1(κ), (b) Sf2(κ) and
(c) Sf3(κ). Error in computing the variance of displacement V aru(L) using the suggested
approximate analytical V RF (L, κ) formula versus employing Monte-Carlo simulation for
different levels of loading. Convergence attained for (a) qmax = 15 kN/m, (b) qmax =
12 kN/m and (c) qmax = 5 kN/m.
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Plastification Level for qmax=15 kN/m


















Plastification Level for qmax=12 kN/m


















Plastification Level for qmax=5 kN/m





Figure 3.31: Cantilever beam with distributed load q(x) = q ·(L−x) (Figure 3.14c). Material
is addressed as deterministic. Plastification level along the beam for (a) qmax = 15 kN/m,
(b) qmax = 12 kN/m and (c) qmax = 5 kN/m.
70
CHAPTER 3. VARIABILITY RESPONSE FUNCTION FOR STATICALLY
DETERMINATE BEAMS FOLLOWING NON-LINEAR CONSTITUTIVE LAWS




































































Figure 3.32: Simply supported beam with point moments M on its ends (Figure 3.14d)
and random material modeled by stochastic field f(x) following (a) Sf1(κ), (b) Sf2(κ) and
(c) Sf3(κ). Error in computing the variance of displacement V aru(L) using the suggested
approximate analytical V RF (L/2, κ) formula versus employing Monte-Carlo simulation for
different levels of loading. Convergence attained for (a) M = 100 kNm, (b) M = 70 kNm
and (c) M = 50 kNm.
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Plastification Level for M=100 kNm


















Plastification Level for M=70 kNm


















Plastification Level for M=50 kNm





Figure 3.33: Simply supported beam with point moments M on its ends (Figure 3.14d).
Material is addressed as deterministic. Plastification level along the beam for (a) M =
100 kNm, (b) M = 70 kNm and (c) M = 50 kNm.
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5 Histogram of location of first plastic hinge xpl












(a) Histogram of location of first plastic hinge along the cantilever
length.

















(b) Uniform load qy at first yield
Figure 3.34: Cantilever beam with uniformly distributed load q (Figure 3.14a). Material
flexibility random field f(x) is assumed to follow spectral density function Sf1(κ).
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5 Histogram of location of first plastic hinge xpl












(a) Histogram of location of first plastic hinge along the cantilever
length.




















(b) Uniform load qy at first yield
Figure 3.35: Cantilever beam with uniformly distributed load q (Figure 3.14a). Material
flexibility random field f(x) is assumed to follow spectral density function Sf2(κ).
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5 Histogram of location of first plastic hinge xpl












(a) Histogram of location of first plastic hinge along the cantilever
length.




















(b) Uniform load qy at first yield
Figure 3.36: Cantilever beam with uniformly distributed load q (Figure 3.14a). Material
flexibility random field f(x) is assumed to follow spectral density function Sf3(κ).
75
CHAPTER 3. VARIABILITY RESPONSE FUNCTION FOR STATICALLY
DETERMINATE BEAMS FOLLOWING NON-LINEAR CONSTITUTIVE LAWS









4 Histogram of location of first plastic hinge xpl
























4 Histogram of location of first plastic hinge xpl

























4 Histogram of location of first plastic hinge xpl













Figure 3.37: Histogram of location of first plastic hinge along the simply supported beam
with point moments Mo on its ends (Figure 3.14d). Material flexibility random field f(x) is





The importance of the VRF tool as a means to estimate the response variability of a stochas-
tic structural system is examined in PartI. VRF is a deterministic, SDF/-PDF independent
function that enables an efficient assessment of the uncertain response of the problem. When
a stochastic parameter is modeled by a statistically homogeneous random field with a pre-
scribed SDF, the VRF offers the means to assess the impact of the spectral composition of
the underlying material property field on the sensitivity of the response variability.
For this study, bending flexibility of the structural system was considered to be randomly
varying and the rest of the system parameters are described as deterministic. The response
quantity of interest is chosen to be displacement. VRF contribution in investigating the
variance of the displacement of a structural system is of critical importance to structural
design. Yet, VRF availability in closed-form analytical expression was limited to statically
determinate beams following a linear and a specific class of non-linear constitutive laws.
This thesis removes this restriction and extends the VRF method applicability to any
arbitrary constitutive law. For the first time, the existence of VRF is proven for any non-
linear constitutive law, although a mechanics approximation introduced during the derivation
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doesn’t allow for an exact VRF expression. Validation of the VRF formula and detailed
exploration of the effect of this simplification on the accuracy of the suggested formula
has been conducted, by making use of a range of structural beam examples paired with
different SDFs. By comparing variance of displacement results computed with the suggested
closed-form VRF formula with those computed by Monte-Carlo simulation approach, we
can conclude that results show good agreement for a considerable plastification level on the
beam. The suggested VRF expression circumvents the need for timely and computationally
expensive MC simulation; for every arbitrary constitutive law, variance of displacement at
any beam location can be computed through a trivial numerical integration, with negligible
loss of accuracy (error remains smaller than 4.0% for every case examined). It is noteworthy
that the suggested methodology produces more accurate results as the problems becomes
more and more strongly non-linear. This VRF methodology, unlike most of the existing
formulas, favors non-linearity and achieves maximum accuracy (minimum associated error)
as the non-linearity increases.
78
CHAPTER 4. CONCLUSIONS: PART I
4.2 Future Work
An important simplification made during the formulation of the suggested VRF is that all
branches of the piece-wise linear material law can be described by the same homogeneous
stochastic field f(x). In reality, each branch would be described by different fi(x), statisti-
cally correlated to each other to some extent. A direct extension of the current work would be
to examine the behavior of the statistically determinate beam using different homogeneous
stochastic fields fi(x) to describe each branch of the material law and take into account the
cross correlation terms generated. The formulation of this new VRF would be in principle
the same, same flexibility-based procedure could be followed, but the resulting expression is
expected to be of increased complexity due to the existence of cross-correlation terms.
Another simplification embedded in the derived VRF expression is that the transition
from the elastic to the inelastic zone of the beam is assumed in this study to be deterministic,
occurring at one point on the beam. Figure 3.3 shows x1 and x2 beam lengths of the elastic
and inelastic areas respectively, as perfectly distinguished zones. However, x1 and x2 are
clearly random variables that take different values for each individual sample realization
f(x), therefore there is no clear cut-off between the linear and non-linear parts of the beam
due to these E1(x) and E2(x) random variations; rather there can be an overlapping of
the two zones around the deterministic transition point. The reason for this assumption
is that during the analytical formulation and the integration of the differential Equation
3.10 that includes the second derivative of the displacement, a decision has to be made
as to whether to use the expression u′′x<x1 (Equation 3.20) corresponding to inelastic beam
behavior or the u′′x>x1 expression of the elastic part of the beam (Equation 3.9) at each point
x of the integration. Therefore, the length of the elastic zone, x1 parameter, is calculated
deterministically in order to proceed with the integration in a relatively straightforward way.
The variation of the real value of x1 has been examined using MC simulations in order to
quantify the loss of accuracy due to the use of a deterministic value of x1 in this study. It has
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been found that a number of parameters affect the value calculated through MC simulations:
1. The discretization of the beam plays an important role; the more dense the mesh of
the beam is, the more a zone of plastification becomes apparent and the value of x1
calculated through MC simulations deviates from the deterministic one. For a coarser
mesh, the deterministic x1 approaches the one calculated through MC simulations.
2. The stress distribution on the beam affects the MC calculated x1 value. Therefore,
different structural systems, different types of loading and different levels of loading
influence the deviation of the deterministic x1 value from the real one.
3. In a similar sense, different types of SDFs also result in different behavior. When the
generated compliance field is mildly fluctuating in space, the stress field is also not
rapidly changing, thus the deterministic x1 approaches the one calculated through MC
simulations.
In the majority of the cases investigated, the deviation of the deterministic x1 from
the more realistic one calculated from MC simulations was ranging between 4%-8%. This
assumption of parameter x1 being deterministic could be relaxed in future work, but the
author believes that the basic nature of the results would remain unchanged.
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5.1 Background and Motivation
The appearance of damage, localized or more extensive, in structural systems has been
following an upward trend during the last decades. Blast attacks, design or construction
errors, aging infrastructure are among many of the numerous causes for the appearance of
damage. In response to this, the structural engineering research community has pursued
the study of the phenomenon of progressive collapse and has developed various methods of
analysis and design.
The definition of progressive collapse is clearly stated in the commentary of the ASCE 7
’Minimum Design Loads for Buildings and Other Structures’ as ‘the spread of an initial local
failure from element to element, eventually resulting in the collapse of an entire structure or
a disproportionately large part of it’. It is also established that appropriate design strategies
should be adopted in order to minimize structural vulnerability; buildings should be able
to withstand and absorb the initial local damage, by preventing the triggering of a wider
collapse mechanism. However, it is mentioned in the commentary of ASCE 7 that designing
a structure against severe progressive collapse scenarios can be impractical for ordinary use
buildings. The minimum level of safety, though, that is suggested to be met by all structures
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through suitable designing techniques is global collapse prevention and minimizing the extend
of the affected area.
The most popular progressive collapse incidents in recent history have most frequently
been a result of terrorist attacks in the form of blast. Nonetheless, other scenarios such as
natural hazards or accidental actions (vehicle impact, gas explosions, earthquakes, etc) and
construction omissions may also be initiating failure, local or global.
The first collapse event that resulted in drawing research attention in the field of pro-
gressive collapse and established associated structural design criteria as an unchallenged im-
perative was the partial collapse of the 22-storey Ronan Point apartment tower in Newham
(east London) in 1968. A gas explosion on the 18th floor demolished load-bearing precast
concrete panels near the corner of the building, causing the collapse of the entire bay. The
upper floors collapsed due to the loss of support, while their impact on the lower floors led
to a chain reaction of collapses all the way down to the ground level, as can be seen in Figure
5.1. The magnitude of the collapse extend with respect to the initiating event significance
was shockingly disproportional, urging for new guideline to be issued in order to address
this type of failures. After this disaster a lot of research and discussion about progressive
collapse began.
A comparable collapse occurred in 1973 at the Skyline Plaza apartment building, under
construction in Fairfax County, Virginia. The building would comprise 468 condominium
apartments and would be one of the largest complexes in Northern Virginia. The building
failed to activate alternative load paths and collapsed while shoring was being removed from
newly poured concrete between the 22nd and 23rd floors, and concrete was being poured on
the 24th floor. The collapse created a gap 60 feet (18 m) wide in the building, splitting it
to two separate ones (Figure 5.2).
Another well-known example of progressive collapse is the bombing attack at the Alfred
P. Murrah Federal building in Oklahoma City in 1995. A truck filled with explosives was
detonated close to the front of the building and subsequently about half of the 9-story,
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Figure 5.1: Ronan Point building after collapse, London 1968. Yellow arrow shows the
damage introduction floor
Figure 5.2: Skyline Towers, Alexandria, Virginia 1973.
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reinforced concrete structure collapsed killing 167 and injuring 782. The loss and partial
damage of three columns on the north side of the structure of the perimeter moment frame
left the transfer girder without support. The failure of the columns of upper floor supported
by the girder and the floor areas supported by these columns resulted in this massive collapse.
Figure 5.3 shows the building before and after the partial collapse. In response to this
disaster, one year later, in 1996, the Federal Emergency Management Agency (FEMA) via
the Building Performance Investigation Team (BPAT) completed a relevant investigation and
released the report entitled The Oklahoma City Bombing: Improving Building Performance
Through Multi-Hazard Mitigation [86]. Among the proposed mitigation measures was to
adopt ’techniques used to upgrade the seismic resistance of a building’. In the same report,
it is stated that had the Murrah Building been reinforced as a Special (as opposed to an
Ordinary) Moment Frame, 50% of the damage would have been prevented.
Figure 5.3: Alfred P. Murrah Building before and after bombing, Oklahoma City 1995.
The issue of progressive collapse was again under the spotlight following the attacks at the
World Trade Center towers in New York City in 2001 (illustration in Figure fig:104WTC).
Although both towers were severely damaged after the plane impacts, they succeeded in
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arresting the initial damage and preventing a wider collapse mechanism due to the moment-
resisting steel frames used as their structural system. The closely spaced columns and deep
girders of the moment frame of the perimeter were capable of bridging around the massive
local damage. Intense fires combined with damaged from the impact passive fire protection
coating of their core ultimately brought down both buildings with an inward type of collapse.
Figure 5.4: Collapse of the South Tower less than an hour after being hit by the second
hijacked airliner
Figure 5.5: Deutsche Bank Building remains standing after South Tower collapse despite
column loss over 10 stories
The WTC attack event also manifested a number of examples of buildings resistant to
progressive collapse. A lot of neighboring buildings managed to survive local damage caused
by severe debris loading, which was also the case for the Deutsche Bank Building, depicted in
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Figure 5.5. This building lost an entire column over a height of 10 stories induced by falling
debris from the south tower, yet the conventional moment-resisting steel frame withstood
the unexpected loads, allowed for new load paths to be developed and the building remained
stable.
The large number of casualties and the economic loss that accompanied these occurrences
of progressive collapse revived the interest in the subject. Prevention of progressive collapse
became one of the indisputable necessities in structural engineering, and building control
authorities made an effort to develop design guidelines that would reduce the vulnerability
of buildings to this form of failure. Focus is placed on improving redundancy and creating
alternate load paths, to ensure that loss of any single component would not trigger a wider
disproportionate collapse.
In this environment, European and American building agencies issued relevant regulative
standards providing strategies for ensuring safety of civil engineering works against progres-
sive collapse appearances. Federal institutions of the United States, such as the General
Services Administration (GSA) and the Department of Defence (DoD), released their ‘Pro-
gressive collapse analysis and design guidelines for new federal office buildings and major
modernization projects’ (GSA 2003, [55]) and ‘Unified Facilities Criteria - Design of buildings
to resist progressive collapse’ (UFC 2005, [56]) and for European building codes, ‘Eurocode
1: Actions on structures, Part 1-7: General Actions - Accidental actions’ [80] provides the
necessary guidelines to enhance resistance of buildings against disproportionate collapse.
However, most of these documents are based on simplified analysis approaches, hardly
providing general recommendations for the mitigation of a local failure. Efforts to develop
comprehensive progressive collapse resistant specifications have been impeded by lack of
experimental data and computational challenges in simulating progressive collapse analysis.
From the experimental point of view, the scale of the problem, since full system should be
involved and the rate of loading, have made testing rarely a considerable option. On the other
hand, numerical simulation of collapse events is an elaborate task because it involves strongly
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non-linear behavior of the structure and application of abnormal loads. In conclusion, the
complexity of factors affecting progressive collapse analysis makes the proposal of a general
analysis procedure applicable to every loading scenario and building type to appear to be a
very ambitious task .
In this context, the objective of this thesis is to develop a vigorous methodology to
evaluate the potential of progressive collapse of a locally damaged structural system and to
develop a simple analytical framework for the prediction of the governing progressive collapse
failure mode. The innovation lies in the fact that the need for elaborate inelastic analyses is
circumvented and for the proposed methodology to be implemented, plain elastic analyses
and straightforward analytical calculations need to be performed. In order to validate the
presented methodology, detailed 2D and 3D non-linear finite element static analyses of steel
moment-resisting frame buildings are performed.
Four case studies of steel buildings, all having perimeter moment-resisting frames (MRFs)
as their structural systems, serve as examples for the application of the proposed method.
A high-rise 20-story building, two typical mid-rise, a 10-story and a 9-story building and
a low-rise 3-story building are examined. The suggested methodology is applied for every
damage scenario examined, and then the analytically derived results are compared to the
results obtained through performing computational analyses by employing the commercial
software Abaqus. The limitations of the proposed tool are also discussed.
5.2 Part II Outline
The second part of this dissertation comprises three chapters:
In chapter 2, the basic concepts of Progressive Collapse are introduced. The significance
of progressive collapse field in quantifying the vulnerability of structures under extreme
loading events is highlighted. An extensive literature review of studies that have investigated
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this phenomenon is presented and different scientific approaches are described in detail.
The current state-of-the-art methods to assess a system’s susceptibility to disproportionate
collapse provided by American and European codes are evaluated and limitations to the
existing guidelines are discussed. The need for development of a simple analytical framework
for the identification of the governing progressive collapse failure mode is acknowledged.
In chapter 3, progressive collapse phenomenon is viewed from a 2D framework point
of view. First, a series of numerical applications on a 2D steel frame using the alternate
path method allow for preliminary exploration of the frame’s structural response to damage
initiation. Then, an analytical methodology is presented to easily determine the dominant
collapse mode of a damaged structure by performing simple linear analyses, bypassing the
computationally expensive non-linear analyses. The necessary theoretical background is de-
veloped and subsequently checked through a number of numerical examples. The limitations
of the 2D analysis framework are discussed.
In chapter 4, the response of steel structures after damage is initiated in the structural
system is examined in a 3D analysis framework. First, only a representative slice of the
building is examined (pseudo-3D analysis) where out-of-plane deformation and rotation are
allowed to be developed, as an intermediate step between the fully 2D and fully 3D frame-
work. Later, the whole structure is modeled in a fully 3D context. The structural behavior
of the building is observed in the case of a column loss at different locations of a corner
grid both in a pseudo-3D and a 3D framework. In addition, adjustments are made to the
theoretical background of the analytical methodology to adopt to a 3D context and then the
proposed method’s accuracy is validated through a range of example structures.
PartII concludes with a discussion on the limitations and accomplishments of the pro-
gressive collapse concept in a theoretical and application sense. The work presented is
summarized and the potential direction of future research is contemplated.
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6.1 Literature Review
In recent times, driven by the multiply occurrences of progressive collapse events, numerous
scientific studies have investigated this phenomenon and have explored different approaches
in order to quantify vulnerability of structures under extreme loading events.
The first study exploring the progressive collapse analysis of steel frames was presented by
Gross et al. 1983 [87]. 2-D moment resisting steel frames were examined numerically using
two different ways to introduce damage to the structure; Either one or more members were
removed to simulate the loss of load-carrying capacity or the load imposed on the beams
was increased to account for the fallen debris. The non-linear analysis program included
the modeling of inelastic beam column behavior, beam to column connection behavior, and
the contribution of shear infill panels. Both material and geometric non-linear effects were
considered. Two cases were examined, one with an external column removal and other with
an interior column removal. For the first case, the structure was unable to resist more
than 69% of the unbalanced load. For the second case, the remaining structure was able to
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withstand the unbalanced loads. Catenary action was proven to play an important role to
carry the loads after the formation of plastic hinges on the beam.
After the initiation of damage to the system, the most commonly observed collapse modes
can be categorized into the following types: (i) plastification of the beam of the bays above
the location of the column removal (yielding-type beam failure), (ii) loss-of-stability vertical
load bearing element (buckling-type column failure), (iii) shear failure of beam-to-column
connections ( [65]) and (iv) global loss-of-stability of the structural system ( [69], [73]). The
latter collapse mechanism, which can be observed in slender buildings, requires the overall
behavior of the system to be considered in order to be detected. Capacity checks within
the limits of typical component-level procedures fail to investigate the potential of the entire
system to become unstable.
This dissertation focuses on the identification of the first two modes of collapse he
yielding-type of collapse and the loss-of-stability type of progressive collapse mode. Ob-
viously, there is a threshold which distinguishes these two mechanisms’ occurrence in a
damaged structure.
Khandelwal and El-Tawil (2011) [65] identified the two different collapse mechanisms for
a steel moment frame by applying vertical push-down analysis methods. Non-linear dynamic
analysis of 2D steel frames were conducted as a means to quantify robustness accounting for
both material and geometric non-linearities.
Kim et al. (2009) [61] have performed non-linear dynamic progressive collapse analysis on
three different 2D steel moment frames, observing the progressive collapse potential related
to basic properties of the structural systems. Geometric non-linearities were ignored.
Szyniszewski and Krauthammer (2012) [66] analyzed the progressive collapse of steel-
framed buildings based on an energy flow perspective. The ability of any structure to arrest
the collapse is translated as capability to dissipate the kinetic energy, and thus to phase
out transient motions. 3D non-linear dynamic analysis of steel frames including the floor
system simulation were performed and identified buckling-induced failure modes by using an
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energy-based approach.
Ettouney et al. 2006 [69] illustrated the critical importance of global stability system
considerations when evaluating the potential for progressive collapse in buildings and demon-
strated the ineffectiveness of the alternate path method to account for global response of a
structure when performing progressive collapse analysis. Applications of the alternate path
method typically employ a component-oriented design strategy, in which the adequacy of the
system is based on individual structural components successfully satisfying the acceptance
criteria.
Structures subjected to extreme loading events demonstrate strongly non-linear behavior
and analysis of structural systems following the event of a column removal is a computa-
tionally demanding procedure. It is therefore of utmost importance to employ powerful
computational tools allowing for a realistic simulation of the damaged structure. For a reli-
able assessment of the progressive collapse potential, non-linear effects of all possible origins
should be incorporated in the analysis. In this manner, it is critical to utilize computa-
tional finite element tools that account for both material and geometric non-linear effects in
order to be able to capture second-order effect and non-linear loss of stability phenomena.
The weight of stability considerations has been highlighted in [62], [63], [64], [69], [73], and
analysis including material and geometric non-linearities has been established as the only
approach for correctly predicting collapse mechanisms and the corresponding collapse loads.
A recent paper by Gerasimidis et al. 2013 [64] has studied in detail the progressive col-
lapse of a steel frame which activates a buckling mode of failure. Several analysis techniques
are considered (eigenvalue, material non-linearities, material and geometric non-linearities),
as well as 2D and 3D modeling of the structural system. This study underlined the role of
material and geometric non-linearities in accurately identifying the collapse mechanism.
Nonetheless, many researchers have shown that the progressive collapse mode of a steel
frame can involve non-linear response of the elements of the system regarding the material
and yielding-type failure ( [58], [60], [67], [88]). Ellingwood et al. 2007 [58] presented
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practical approaches for reducing exposure to threats that could provide the initial local
failure capable of triggering progressive collapse. Direct (such as the alternate path method)
and indirect design methods of analysis are discussed towards mitigating the potential for
progressive collapse.
Marjanishvili and Agnew (2006) [60] aimed to provide clear conceptual step-by-step de-
scriptions of various procedures for progressive collapse analysis by performing a number of
example analyses. Comparison of four methods for progressive collapse analysis was pre-
sented by analyzing a 9-story steel moment-resistant frame building using the computer
program SAP2000 and employing analytical procedures of increasingly complexity : linear-
elastic static, non-linear static, linear-elastic dynamic, and non-linear dynamic approaches.
This study recommended that the non-linear static procedure should be used in combination
with non-linear dynamic analysis to determine the first yield and ultimate capacity limits,
as well as to verify and validate dynamic analysis results. One important conclusion was
that material and geometric non-linear effects should not be neglected.
Kim and Kim (2009) [67] examined the progressive collapse potential of 2D steel moment
resisting frames designed per Korean Building Code and the AISC Load and Resistance Fac-
tor Design by analyzing them using the program code OpenSees. The results of the linear
step-by-step analysis procedure recommended by the GSA 2003 and the DoD 2005 guidelines
were compared with those of non-linear dynamic analysis. It was also observed that the po-
tential for progressive collapse was highest when a corner column was suddenly removed, and
that the progressive collapse potential decreased as the number of story increased. Geometry
non-linearities were not taken into account.
Starossek (2009) [88] in his book investigates the different degrees of susceptibility to
progressive collapse exhibited by different structural systems and suggests ways to recog-
nize this differences in modern design procedures. Also, definitive information about the
distinction between disproportionate and progressive collapse of structures is included.
The effect of floor systems to the response and the resistance of a locally damaged struc-
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tural system has also been material for study, especially in order to assess the loss of accuracy
caused by the omission of slab feature in 3D analysis or even worse in the case of 2D modeling.
Alashker et al (2011) [89] shed light on the effect of some commonly employed assump-
tions and approximations included in collapse modeling by using four models with different
degree of simplification. Modeling choices that are commonly made include 2D versus 3D
representation, simplification of member response for modeling purposes, and the use of
macro-elements to mimic behavior instead of using elements that are based on fundamental
constitutive relationships. This study showed that the floor system contributes significantly
to collapse response and that the results of planar analyses can sometimes be unconservative.
Alashker and El-Tawil (2011) [90] proposed an analysis procedure for computing the col-
lapse resistance of steel-concrete floor systems subjected to interior column loss. The model
was proposed in a format that could be adjusted to take into account various beam configu-
rations and accounted for deck thickness and strength, reinforcement area and strength, as
well as connection strength. Comparisons with numerical simulation results showed that the
model succeeded in capturing the effect of influential variables on collapse resistance in spite
of the simplifying assumptions made.
In [91], the progressive collapse resistance of steel-concrete composite floors in which
steel beams are attached to columns through shear tabs is assessed. The study is conducted
using computational models validated through extensive comparisons to diverse test data.
Key parameters (the effects of deck thickness, steel reinforcement, and the numbers of bolts
in the shear tab connection) influencing the robustness of composite floors subjected to the
removal of a center column are investigated. The simulation results showed that the majority
of collapse resistance for the system considered comes from the steel deck .
Izzuddin et all ( [82], [83]) proposed an analytical framework for progressive collapse
assessment of building structures subject to sudden column loss that could replace the ‘tying
force’ requirements and the ‘notional member removal’ provisions employed in current design
codes. The proposed assessment framework employs three stages, namely determination
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of the non-linear static response, simplified dynamic assessment, and ductility assessment,
which are discussed in detail. The companion paper demonstrated the application of the
proposed progressive collapse assessment framework to steel-framed composite buildings with
partial-strength connections.
6.2 Progressive Collapse Analysis Approaches
Several methods for the enhancement of structural design or assessment of existing structural
systems for susceptibility to disproportionate collapse and methods intended to reduce the
potential of progressive collapse for new and existing facilities that experience localized
structural damage through normally unforeseeable events have been included in the design
codes. U.S., British, and Eurocode standards such as ASCE–7, BS EN 1991–1–7, 2006,
and Eurocode 1: ‘Actions on structures’ have established design philosophies and some
prescriptive approaches. The U.S. Department of Defense (DoD) and the U.S. General
Services Administration (GSA) have published design and analysis guidelines in recent years.
Additionally, the Structural Engineering Institute (SEI) in the United States has focused on
the efforts of several technical experts within their Disproportionate Collapse Mitigation
Standards Committee. GSA has recently completed (2013) the development of a new set
of guidelines [93] for progressive collapse design in order to reduce inconsistencies between
GSA and DoD design approaches. Important aspects of the U.S. GSA and DoD guidelines
are presented following.
The DoD initiated the development of UFC 4–023–03, “Design of Buildings to Resist
Progressive Collapse,” in 2003 [56] to fill the gap of the lack of progressive collapse design
guidance within the U.S. civilian building codes. The DoD progressive collapse design re-
quirements are threat independent and not intended to explicitly address a specific damage
event. They are intended to provide design criteria to design buildings to resist progressive
collapse when the action or threat is unknown or unforeseen, such as vehicle impact, internal
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gas explosion, etc. Because of the threat independent nature of the guidelines, a minimal
initiating action is required for the design, such as removal of a column or section of wall.
UFC 4–023–03 defines two types of approaches to progressive collapse design: (1) indirect
design, in which the resistance to progressive collapse is increased through the specification
of minimum levels of strength, continuity, and ductility; and (2) direct design, in which
the structure is explicitly designed to resist progressive collapse. The intent of these design
features is to increase the ability of structure to withstand damage by redistributing loads
and developing additional mechanisms of response.
Indirect design is typically accomplished through the specification of tie forces (TFs), by
specifying minimum tensile forces that must be used to tie the structure together in order to
transfer the loads from the damaged portion of a structure to the undamaged. TFs are used
to mechanically tie a building together, enhancing continuity, ductility, and development of
alternate load paths. The term general structural integrity has been used to describe this
approach. There are three horizontal ties that must be provided: longitudinal, transverse,
and peripheral. Vertical ties are required in columns and load-bearing walls. Figure 6.1
illustrates the tie forces in a frame structure (Stevens [94]).
Figure 6.1: Tie forces required by UFC 4–023–03 (reprinted from DoD 2013)
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Direct design approaches include explicit consideration of resistance to progressive col-
lapse during the design process and two methods are typically employed: (1) the AP method,
which requires that the structure be capable of bridging over a missing structural element,
with the resulting extent of damage being localized; and (2) the specific local resistance
(SLR) method, which requires that the building, or parts of the building, provide sufficient
strength to resist an abnormal load, meaning that the load-bearing structural elements must
be able to remain standing under the extreme load.
Among the direct methods of design, the Alternate Path Method (APM) has dominated
the field of progressive collapse through the commonly accepted method of key element
removal. For framed structures, method and is usually applied in the context of a ‘column
removal’ scenario to assess the building’s capability to successfully absorb loss of a critical
column or columns. The wide acceptance of this method is primarily due to its relative
simplicity and threat independence condition.
Figure 6.2: Removal of Column from Alternate Path Model by UFC 4–023–03 (reprinted
from DoD 2013)
APM typically employs a component-based design strategy in which the adequacy of the
system is based on individual structural components satisfying the acceptance criteria. In
the event of the loss of load-carrying capacity of a structural member, the forces in adjacent
members are redistributed and the loss in load capacity is accommodated by bridging over the
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damaged area. The APM method is fundamentally different that SLR method, because local
damage is permitted to occur and alternate paths around the damaged area are required to
be provided so that the structure is able to accommodate the abnormal load without collapse.
Load-bearing elements are removed for the following two cases: (i) where an element
cannot provide the required vertical tie strength, and (ii) where AP is applied to elements in
order to determine their location and size and ensure that the structure has adequate flexural
resistance to bridge over the missing element. In AP method, three analysis procedures are
employed: Linear Static (LSP), Nonlinear Static (NSP) and Nonlinear Dynamic (NDP).
Following the LRFD approach the design strength must be greater than or equal to the
required strength: ΦRn ≥
∑
γiQi.
The LS and NS procedures are subjected to several limitations, mostly regarding ge-
ometric irregularities or Demand-Capacity Ratios of the structural elements. The use of
ND procedure is not constrained by any limitation. Due to the different methods by which
deformation-controlled and force-controlled actions are calculated, two load cases are ana-
lyzed: one for the Deformation-controlled actions, and one for the Force-controlled actions.
In this thesis, we examine steel structures with MRFs as their structural system and
analyses are performed following a Nonlinear Static (NS), Force-controlled procedure, so the
description will be limited to this specific analyses requirements. More details about the rest
of the analysis types can be found in [56].
As far as the load application is concerned, the structure is divided into two areas: areas
above the removed column or wall and areas away the removed column or wall. For those
bays immediately adjacent to the removed element and at all floors above the removed
element, increased gravity load combination is applied, to account for the dynamic effect of
the removal:
GN = ΩN [1.2 D + (0.5 L or 0.2 S)] (6.1)
where
GN : Increased gravity loads for Nonlinear Static Analysis
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D : Dead load
L : Live load
S : Snow load
ΩN : Dynamic increase factor for calculating deformation-controlled and force-controlled
actions for Nonlinear Static analysis; value varies for framed or load-bearing wall structures
For the rest of the bays, away from the removed element:
G = 1.2 D + (0.5 L or 0.2 S) (6.2)
where
G : Gravity loads
The Nonlinear Static dynamic increase factors are provided in Table 3-5 of [56]. For the
case of steel frame structures examined here: ΩN = 1.08 + 0.76/(θpra/θy + 0.83).
θpra is the plastic rotation angle given in the acceptance criteria tables in ASCE 41 for the
particular element, component or connection; θy is the yield rotation. For steel, θy is given
in Equation 5-1 in ASCE 41.
The GSA has recently completed the development of a new set of guidelines for progres-
sive collapse design titled “Alternate Path Analysis and Design Guidelines for Progressive
Collapse Resistance” (GSA 2013) [93], aiming to bring alignment within the industry by re-
ducing inconsistencies between GSA and DoD methodologies. The document is implemented
in combination with the ISC “Physical Security Criteria” (2010) [95] and GSA “Facility Se-
curity Requirements for Explosive Devices Applicable to Facility Security Levels III & IV”
(2011) [97], and utilizes the alternate path (AP) analysis procedures of UFC 04-023-03 [56]
and ASCE-41-06 Seismic Rehabilitation of Existing Buildings [96].
The focus of the guidelines is mitigating progressive collapse due to man-made explosive
threats only. This is reflected by limiting column removal scenarios to the ground level and
high-risk public areas, where structural elements are most vulnerable to explosive effects
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due to their proximity to potential vehicle and package threats. These guidelines are threat
dependent and incorporate a risk-based approach such that application is dependent on the
required level of protection as determined by the facility security level (FSL) or facility-
specific risk assessment as presented in Interagency Security Committee (2008). Reduction
of progressive collapse potential can be achieved either by precluding failure of load-carrying
elements for a defined threat or by bridging over their loss.
The new GSA guidelines differ significantly from the overall approach of UFC 4–023–03
as a threat-dependent approach is allowed in some situations. They are also different from
the 2003 GSA document that they replaced in the following ways:
• Adoption of a threat-based approach
• Adoption of the Alternate Path Methodology
• Applicability of progressive collapse requirements based on level of risk
• Adoption of new Redundancy Requirements
• Clarification of the minimum number of stories that trigger progressive collapse re-
quirements
Although progressive collapse design and seismic design are distinctly different, some
procedures specified in ASCE 41 [96] could be adopted and modified for application in
progressive collapse design. On the other hand, there are some important discrepancies
between [93] and [96] and special care should be taken when advising them, mainly lying on
the following factors:
• The seismic event involves the entire structure, whereas, for progressive collapse, the
initial event is localized to the column/wall removal area.
• Load types applied differ, since seismic loads are horizontal and temporary, while for
progressive collapse, the loads are vertical and permanent.
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• For earthquake design, it is accepted that the damage will be distributed in the entire
structure. For progressive collapse, the initial damage is localized and the objective is
to arrest it and prevent the triggering propagating of a global structural instability.
This concludes a succinct exploration of the relevant progressive collapse research progress
that has been achieved and of the available guidelines regulating the design or new facilities
and the retrofit of existing. Having elucidated the state-of-the-art progressive collapse anal-
ysis techniques and design approaches, we will introduce some basic concepts regarding the
response behavior of a damaged structure.
6.3 Preliminary Investigations of Progressive Collapse Mechanisms
As mentioned in the abstract, although the progressive collapse of a steel moment frame
under the scenario of a column removal can occur in many different modes, in this dissertation
our interest focuses on the following two:
• the yielding-type beam mode through the flexural failure of the beams of the bay
above the column removal location, and
• the loss-of-stability column mode through column buckling failures in the vicinity
of the column removal location.
Yielding-type beam mode of progressive collapse :
This progressive collapse mechanism is essentially described by the flexural failure of the
beams of the bay above the column removal due to sudden loss of support. During a pro-
gressive collapse event, and after the column removal, there has been observed an activation
of new loading paths and redistribution of forces into the remaining structural system. The
response of the bay above the removal is governed by the large increase of the bending mo-
ments on the beams attempting to span over the gap of the missing element. This increased
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load eventually leads to the yielding of several parts of the beams and the plastic behavior
of these parts after the elastic bending moment is exceeded. This behavior is also associated
with high rotations and displacements and the appearance of several structural phenomena
described in progressive collapse literature such as the catenary action, the slab action and
others. Yielding type failure is observed after the plastic bending moment capacity is sur-
passed and the configuration of the formed plastic hinges along the length and height of this
bay allows for its failure, precipitating a progressive collapse all the way down to the beam
above the column removal. It can be characterized as a ductile type of failure, that provides
some level of warning before collapse, since the failure of the system is initiated after the
flexural failure of the beams which is by definition a ductile mechanism.
Loss-of-stability column mode of progressive collapse :
The column mode of progressive collapse is fundamentally different from the yielding-type
beam one. Following the column removal from the structural system, there is a large increase
in the axial forces acting on the adjacent columns which induces the failure of the members
due to compression. Assuming a bi-linear steel material law and depending on the geometric
properties of the column, the failure of a column due to compression can happen in either
of the following modes:
1. Elastic buckling, at the Euler buckling load, for long and slender columns
2. Inelastic buckling, when the axial force reaches the value A · fy, where A is the column
cross section area and fy the material yield stress, for intermediate and most commonly
used columns
3. Material failure, if the load reaches the value A · fu, where fu the material ultimate
stress, for short columns, which is rarely the case for steel buildings
4. Torsional buckling, for slender open-section columns
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5. Lateral-torsional buckling, for slender columns with long unbraced length. It largely
depends on the acting bending moment.
6. Local buckling, of the plate elements of the cross section under compression, for thin-
walled column sections
Column Buckling Beam Yielding 
VS 
Figure 6.3: Modes of progressive collapse failure examined: (a) Beam Yielding of all floors
of leftmost bay after removal of 15th floor corner column (b) Column Buckling of 1st floor
column after removal of adjacent 1st floor corner column
Generally speaking for steel building structures, beam failure is always preferable to
column failure since column failure is a brittle phenomenon and the consequences are usually
extensively detrimental for the rest of the structural system. Especially for the cases of elastic
or inelastic buckling that appear very often, the nature of the failure does not really energize
any ductility reserves and therefore the failure is sudden and catastrophic. During such a
failure, there is usually no force redistribution throughout the structural system and the
alternate paths of the loads cannot be activated. On the other hand, a beam failure could be
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restrained in one part of the system without further repercussions for the structural integrity
of the rest of the system and the ductility embedded in this mechanism could allow time for
evacuation. Additionally, buckling and loss-of-stability phenomena are difficult to identify
numerically, so special attention and use of powerful computational tools are required in
order to be able to detect such mechanisms when modeling a progressive collapse event.
Having completed a detailed description of the progressive collapse phenomenon and
the relevant design guidelines available and having presented a preliminary investigation
regarding the response of a structural system to damage introduction, we will proceed with
numerical examples of 2D and 3D analyses, in order to obtain a deeper understanding of
progressive collapse substance, which is an essential step in creating an analytical tool.
104
Chapter 7
Progressive Collapse Analysis in 2D
Context
7.1 Numerical Application
This chapter investigates the response of 2D steel moment-resisting (sway) frames after
damage is introduced in the structural system, first by employing computational analyses
conducted in commercial software Abaqus to simulate the structural behavior and ensuingly
by developing an analytical tool that is able to identify the governing progressive collapse
mode in each damage scenario examined.
This section presents the numerical application of progressive collapse analyses on a 20-
story steel frame in a 2D framework. The current state-of-the-art Alternate Path Method
is applied using the notion of element removal as a simple way to introduce local damage in
the structure. Different collapse mechanisms are identified following the removal of columns
along the height of the building. Steel moment frame of Figure 7.1 serves as an example
structure in order to illustrate the two different modes of progressive collapse. Detailed
description of the morphology and design assumptions can be found in FEMA SAC-FEMA-
355C (2000) [70], Appendix B.
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5 bays  
@ 6.10 m 
19 floors 
@ 3.96 m  
5.49 m  
B C D E F 
Figure 7.1: Configuration of the 20-story moment-resisting steel frame.
The structure is a 20-story steel moment frame with 5 bays and it is a fairly typical office
building in Boston founded on a stiff soil. The story height of the first floor is 5.49m and
3.96m for the rest of the floors, while the bay width is 6.10m, resulting in a total height
of 80.73m and a total width of 30.5m. The 2-level basement as well as the penthouse were
omitted and the column bases are considered as hinged. All the structural sections are
American W-sections. The column sections range between W14×159 and W36×485, while
the beam sections range between W16×167 and W33×141 (see Figure 7.2). The structural
steel components follow the non-linear material characteristics of structural steel A572 Gr.50,
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Figure 7.2: Table of column and beam sections of 20-story Boston Post-Northridge design
building (reprinted from SAC-FEMA-355C 2000 [70]).
described by an elastic-plastic material model with bi-linear stress-strain behavior. The
yield stress is 345MPa and and the ultimate stress is 450MPa at strain 18%, with isotropic
strain hardening. The superstructure design complies with the local code requirements and
conforming to the provisions of Post-Northridge design.
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The commercial software Abaqus SIMULIA [71] is employed and a representative perime-
ter moment-resisting 2D frame comprising 8095 nodes is analyzed using the finite element
(FE) method. The frame is simulated using 4094 3-node Timoshenko beam B22 elements
to simulate both beams and columns with two Gauss points each. The mesh used for the
discretization of finite element model is carefully selected to be sufficiently fine to accurately
capture the structural response of the system. Rigid body constraint option is used to model
all beam-to-column connections, constraining the relative motion of elements around the con-
nections. All base nodes of ground floor columns are modeled as pinned. Computational
analyses take into account both material and geometric non-linearities, which as has been
pointed out, is essential in order to be able to capture loss-of-stability phenomena.
The performed column removal scenarios include all the different corner column locations
of the frame which add up to 20 damage scenarios. ‘Missing-column’ scenarios at corner
locations of the frame are commonly considered more detrimental as a progressive collapse
scenario, so we proceed with corner removals. Even if the introduction of asymmetry in
the model is already achieved by the removal of a corner column, additional imperfection is
included in the form of an almost negligible horizontal force applied at the rightmost node of
every floor of the order of 1.5 kN (less than 1% of the vertical load). Each progressive collapse
scenario includes a static push-down analysis. Uniformly distributed load is applied on the
beams gradually increasing until the detection of failure in the structure. Following the
provisions by the DoD (2013) in the Non-linear Static Procedure (NSP) part, the dynamic
effect is taken into consideration using the Dynamic Increase Factor ΩN . For the specific
frame and the corner column removals, ΩN is calculated equal to 1.35. Figure 7.3 illustrates
the distribution of vertical loads on a generic structure where a corner column has been
removed; the beams of the bay above the removal are loaded with ΩN · q while the rest of
the beams are loaded with q, where q value changes at every iteration of the incrementing
analysis until failure.
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q q q q 
q q q q 
q q q ΩΝ  ∙q 
q q q ΩΝ  ∙q 
q q q ΩΝ  ∙q 
q q q ΩΝ  ∙q 
Figure 7.3: Generic representation of vertical load application for progressive collapse anal-
ysis. Arrow indicates the location of column removal.
7.1.2 Results from Computational Analyses
The first analysis includes the removal the corner column of the 1st floor. After the column
removal and the subsequent application of the loads on the structure as described before, the
non-linear buckling of the adjacent 1st floor column occurs and finally the lateral collapse of
the frame happens in a loss-of-stability manner. Figure 7.4 depicts the deformed shape of the
structure as given in Abaqus at the last step of the analysis, clearly suggesting that failure
is caused due to buckling of the column adjacent to the removal. This is further justified by
the bottom plot of the acting axial force in the adjacent 1st floor column with respect to the
vertical uniformly applied load q. This plot shows that the curve of axial force acting on
this column is practically linear in the beginning of the loading, it then reaches the buckling
capacity of the column A · fy denoted by the dashed line and afterwards it drops expressing
the exhaustion of bearing capacity of the column. Although it is not depicted, the stresses
developed at the column section reach the yielding stress fy value across the height of the
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Figure 7.4: Column removal at 1st floor. Deformed shape of the frame, acting axial force on
the adjacent buckling column, vertical displacement of the node above the removed column
and horizontal displacement at mid-height of the adjacent column.
column at the failure load and then decrease as the element cannot carry more load. This
behavior describes the non-linear buckling phenomenon of the column. Failure is reached for
q = 130kN/m. One of the most noteworthy observations is that the column behaves totally
elastically prior to its snapping and loss of stability.
The buckling phenomenon is further described by the top plot presenting the horizontal
displacement measured at the mid-height node of the adjacent 1st floor column with respect
to the gradually increasing vertical applied load on the beams. The plot points out that the
recorded displacement on this node is equal to zero, until the column reaches its buckling
capacity and snaps with an imminent loss of stability, shown as a sudden increase in the
horizontal displacement. Vertical displacement plot of the node above the removal shows a
linear increase in the beginning due to the loss of support but after the column buckles it
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exhibits an exponential increase also verifying the buckling finding. Eventually, it is evident
that the non-linear buckling of the column adjacent to the one removed triggers the global
instability of the whole structural system.
We then proceed with corner column removals to higher floors and the main observa-
tion during all these column removal scenarios was that different column removal locations
produced different collapse modes. The results are indicatively presented in Figures 7.5-7.8.
Similar loss-of-stability response is observed for the column removals up to the 8th floor.
Indicatively, results for some analyses leading to buckling type of failure are shown in Figure





























































































































































































































Figure 7.5: Three representative cases where column removal results in loss-of-stability type
of failure. Cases of (a) 1st floor, (b) 4th floor, (c) 6th floor corner column removals.
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All three removals result to buckling of adjacent column and more graphs are now utilized
to support the buckling failure verdict. First, the deformed shape of the frame at the last
step of the analysis allows for preliminary conclusion of the loss-of-stability type of failure,
as the adjacent columns exhibit large deformations visualizing the buckling mechanism.
Furthermore, the plot of the evolution of the acting axial force in the adjacent column with
respect to the mid-column node horizontal displacement justifies the buckling failure even
more noticeably. The axial load increases practically without any increase of the horizontal
displacement until it hits the buckling capacity load and continues with a horizontal branch
denoting the abrupt and rapid increase of the lateral displacement of the column. When
the column reaches its buckling load it suddenly losses its capability of bearing additional
axial forces and consequently its stability. A very important characteristic of this type
of progressive collapse mode is the fact that the response of the structure does not allow
almost any redistribution of loading and fails immediately after the critical column exceeds
the critical buckling load.
In addition, the plot of the evolution of the acting bending moments on the beams above
the removal with respect to the rotation accumulated on the beams is depicted. Moment
values are measured at both beam ends, since for the beam failure to be the predominant
mechanism, plastic hinges should form on both ends of all the beams of the bay above the
removal to create a failure mechanism. The bending moment at the beams edges increase
linearly until some plastification is observed, marked by the curves turning horizontal. By
the end of the analysis only a number of beams has formed plastic hinges, however this is
not adequate to characterize a yielding type of failure for which all beams above the removal
should have formed plastic hinges.
The analysis continues with removals of corner columns above the 8th floor. The results
from the removal of the 13th and the 16th floor corner columns are shown in Figure 7.6. The
collapse modes now are totally different as can be seen in the deformed shapes which show an
entirely different pattern. For these cases, the critical column of the frame, which happens
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to be the adjacent column denoted by the blue arrow, does not reach its buckling load and
maintains an elastic behavior throughout the analysis. The response of the columns to the
increased vertical load is verified by the axial load curve of the columns which clearly depicts
that the axial load of every column remains under acceptable limits.
It is obvious, on the other hand, that due to the lack of support on one of their ends, the
beams are subjected to large vertical displacements which substantially exceed the safety
limits. This is illustrated by the curves showing the relationship of vertical displacement
measured at the node above the removed column with respect to the vertical load applied.
After maintaining an elastic branch, the curve diverges, demonstrating the excessive increase
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Figure 7.6: Two representative cases where column removal results in yielding-type beam
failure. Cases of (a) 13th floor, (b) 16th floor corner column removals. Plots of acting axial
force on the critical column and vertical displacement of the node above the removal.
113
CHAPTER 7. PROGRESSIVE COLLAPSE ANALYSIS IN 2D CONTEXT
beams indicate the collapse of the structure, at least of the bay above the removal and is in
agreement with the deformed shape figure revealing the beam collapse mode.
More results for analyses leading to beam yielding type of failure are shown in Figure
7.7 which includes the removals of the 14th floor, 16th and 18th floor corner columns. The
deformed shapes of the frame at the failure step of the analysis suggests yielding-type beam



























































































































































































































Figure 7.7: Three representative cases where column removal results in yielding-type beam
failure. Cases of (a) 14th floor, (b) 16th floor, (c) 18th floor corner column removals. Plots
of acting axial forces on all columns of the adjacent to the removal grid and acting bending
moments on the ends of all beams above the removal.
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The first plot illustrates the evolution of the axial forces in all 20 columns of the adjacent
grid with respect to mid-column node horizontal displacement. For most columns, the line
remains vertical throughout the analysis suggesting that columns do not experience lateral
deformation, hence no buckling occurs. A few columns display lateral displacement, but only
after the beams have failed, so beam failure precedes any column buckling occurrence. The
second plot depicts the evolution of the acting bending moment at the edges of all beams
above the removal with respect to the developed rotation at the same location. It is readily
observed that all beams develop plastic hinges at their edges forming for each of these cases
a failure mechanism of the whole bay above the removal. The collapse mechanism in these
cases is governed by the flexural failure of the beams above the removal.
In conclusion, depending on the location of the column removal the two different progres-
sive collapse modes can be clearly identified. Different column removal locations produce
different collapse modes. Figure 7.8 summarizes the findings for the 20 examined corner
column removal scenarios. Overall, there are three zones identified along the vertical axis of
the building, which represent different progressive collapse modes:
• Edge column removals from floors 1st-7th yield a buckling induced collapse mechanism.
• Edge column removals from floors 8th-10th produce mixed collapse mechanisms of buck-
ling induced and yielding-type beam failure induced, the two modes occur almost si-
multaneously.
• Edge column removals from floors 11th-20th result in a yielding-type failure induced
collapse mechanism.
These observations indicate that there is a critical threshold which distinguishes the col-
lapse mode that dominates in each case. This threshold can be utilized to detect analytically
the governing collapse mechanism in every removal scenario, circumventing the performance
of computational analyses.
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Removal of edge column from  
1st  –  7th  floor : 
Buckling Induced  
Collapse Mechanism 
Removal of edge column from  
11th – 20th  floor : 
Beam Failure Induced  
Collapse Mechanism 
Removal of edge column from  
8th  –  10th  floor : 
Mixed Collapse Mechanism 
Figure 7.8: Different zones of failure mechanisms resulting from column removals on different
floors.
7.1.3 Basic Concepts
The nature of the attributes that drive each of the two progressive collapse mechanisms (the
column mode of collapse and the yielding-type beam mode of collapse) is fundamentally
different, soliciting for further exploring their distinct characteristics. Following these obser-
vations, some of the basic properties of the structural system are conceptually described as
well as their potential effect on the dominant collapse mode.
Properties regarding the capacity of the structural system:
• Column axial capacity
As far as the column collapse mode is concerned, the resistance of the structure to progressive
collapse is governed by the capacity of the critical column element against axial compression.
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There is limited ability of the structure to redistribute the excessive energy, or to allocate the
abnormal loads to alternate paths, since the failure of the column is a brittle phenomenon
and usually precipitates an extensive failure of the structural system.
Since the resistance of the system to this mode is governed by the capacity of a column
element, some of the main parameters which would affect the overall system resistance are
the cross section area of the critical column, the boundary conditions at the columns ends,
the torsional and warping rigidity, as well as its slenderness. The column collapse capacity
of a column with high bending, torsional and warping rigidity would be higher. Similarly, if
the column is slender and has no rotational constrains, such as a tall column with hinges at
its ends, the elastic buckling collapse capacity would be low and more critical for progressive
collapse.
• Beam flexural capacity
The yielding-type beam collapse mode involves the flexural resistance of the beams above
the column removal. In this case, due to the ductile nature of this failure, the structure can
dissipate energy and activate alternate load paths. Redistribution of the forces within the
structural system occurs in a way that some parts of the structure experience hardening and
loading and some others unloading.
Therefore, the main property which controls the resistance of the system for the case of
the beam mode of collapse is the flexural capacity of the beams above the column removal,
as well as their ductility. The basic properties affecting this type of resistance are the
elastic/plastic section moduli of the beams which define the beam flexural strength and the
amount of ductility embedded in the beam system. The ductility is of paramount importance
because it dictates the amount of energy that can be absorbed beyond the ultimate capacity.
Ductility is introduced through the material properties and through proper beam-to-columns
connection configurations. In other words, if the flexural capacity of the beams is high, the
overall progressive collapse capacity is improved by increasing the resistance of the structure
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to the beam mode of collapse. However, high capacity should be combined with ductility for
the beams to have the ability to enter into the plastic zone and absorb energy.
Properties regarding the demand of the structural system:
The previous paragraphs dealt with the resistance part of the equilibrium equation, mean-
ing the capacity reserves of the structure. The following section describes the demand side
of the equation, the acting loads. The critical progressive collapse mode is produced by the
imbalance of the capacity of the structure to the loading demand.
• Span width effect
In order to identify a beam mode of collapse, the capacity of the beams above the removal
is compared to the acting bending moment, which is an approximate linear function of the
applied load and a quadratic function of the length of the beams (referring to the corner
column removal). On the other hand, the columns of the grid adjacent to the corner will
receive higher compression loads if the span length is larger, due to the larger resulting
tributary area assigned to them. Therefore, the dominant progressive collapse mode is
significantly affected by the span of the beams above the column removal. In the case of a
very long span, the acting bending moments will be higher and this would favor a yielding-
type beam progressive collapse mode of structure. Analogously, a long span would result in
increased acting axial compression to the columns of the vicinity of the removal. Defining
the governing collapse mechanism in this case would require additional data.
• Effect of the number of floors of the building
Along these lines, the column mode of failure appears when the capacity of the adjacent
column is lower than the combination of the acting axial force and the small bending moment
in the column. One of the most important parameters which affects the axial load in the
column is the number of floors above the column removal. For a large number of floors,
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the axial load is high and the column mode of progressive collapse would be expected to be
governing.
7.2 Developed Analytical Methodology
The phenomenon of damage progression through a structural system is a complex and multi-
variational engineering problem, associated with intense non-linear behavior requiring sophis-
ticated finite element methods and computationally expensive analyses to achieve accurate
results. Although there are many references in progressive collapse literature which have
identified several collapse mechanisms and provide the computational methods to capture
them, there are very few instances offering analytical tools which can be used to evaluate the
potential for progressive collapse or to identify the progressive collapse mechanism. However,
it is critically important for practicing structural engineers to be able to easily determine
the dominant collapse mode of a damaged structure by performing simple linear analyses
instead of the aforementioned convoluted non-linear ones.
The current work is aiming to develop such a simplified practical tool. The main outcome
is the establishment of critical limit state functions for the case of corner column removal for
steel moment resisting frames. This tool essentially provides the necessary information to
structural engineers regarding the design against progressive collapse by determining which
of the two collapse modes is governing is each damage scenario. The new method is based on
simple procedures, so that they can be easily performed by applying simple linear structural
analysis and straightforward calculations and using basic properties of the structure such as
geometrical features, material and section properties. This new tool enables the engineers to
acquire in advance knowledge about which progressive collapse mode is dominant, without
performing computationally expensive analyses.
The main reasoning behind the proposed tool is illustrated in Figure 7.9. Figure 7.9a
shows an intact structure, in this case a 10-story building, for which we are interested in
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INTACT STRUCTURE 
(a)
DAMAGE :  6TH FLOOR CORNER 
                      COLUMN LOSS 
Axial forces 






distribution in beams 
DAMAGE :  6TH FLOOR CORNER 
                      COLUMN LOSS 
(c)
Most critical elements 
of damaged structure 
WHICH WILL FAIL 
FIRST? 
YIELDING OF BEAMS 
or 
BUCKLING OF COLUMN 
DAMAGE :  6TH FLOOR CORNER 
                      COLUMN LOSS 
(d)
Figure 7.9: Illustration of the analytical methodology logic. The figure shows the steps
followed to identify the governing progressive collapse mechanism and the most vulnerable
structural element of the structure in a damaging scenario.
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assessing its response to a progressive collapse scenario and predict the governing progressive
collapse mode of failure. Then, in Figure 7.9b the damage is introduced in the form of a
column removal, here the 6th floor corner column. Firstly, we examine all the columns lying
on adjacent to the removed column grids in order to detect the most vulnerable one. Secondly,
we evaluate the beams of the bay above the removal in order to identify the strongest beam
after which failing the collapse of the whole bay would follow. In the end, the two most
critical elements are examined (the weakest column and the strongest beam of the bay) in
order to determine to most vulnerable of the two and identify the dominant collapse mode.
Having completed a series of analyses to explore the response of 2D steel moment-resisting
frames after damage initiation in the structural system by employing computational anal-
yses in the previous section, ensuingly an analytical tool is developed, able to identify the
governing progressive collapse mode for every damage scenario case. First, the necessary
theoretical background is presented and then the same steel moment frame of Figure 7.1 is
utilized as a generic example structure in order to validate the proposed analytical method.
The bay width is denoted with L and the floor height with H. The bays are loaded with a
uniform load q.
During a push-down progressive collapse non-linear FE analysis the load is incrementally
increased on the frame until the collapse of the building occurs through one of the two
collapse modes. Following the column removal, the two modes of failure ”compete” in order
to produce the collapse of the building. As the load is increased, equilibrium is disturbed
and limit conditions for the two types of collapse are approached. When the critical load at
either of the two modes is surpassed, the collapse load of the structure is defined, providing
also the respective collapse mode. A simple tool based on a linear analysis is developed now
to easily identify the dominant type of progressive collapse mode.
Let n be the number of the total floors of the adjacent column grid line and α be the corner
column removal floor location (if for example the column is removed at the 1st floor, then
α = 1). Let also Θ = {1, 2, . . . , n} denote the set of columns which belong to the grid line
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adjacent to the removal. For the case of the 20-story frame of Figure 7.1, Θ = {1, 2, . . . , 20}.
7.2.1 Column mode of collapse - column capacity
After the removal of the column and loss of one of the bay supports, the load of the beams
above the removal should be supported by the columns which belong to adjacent grid lines.
For the case of the frame of Figure 7.1, if column A1 is removed, the adjacent grid lines are
lines B, C, D, E, F . As it was observed in the preliminary remarks, any column in these
lines could fail and lead to the collapse of the overall system depending on the design of
each structure and the location of the weakest columns, with most vulnerable columns the
ones lying on the adjacent interior grid line B in this example case. Therefore, for every
floor column removal scenario, calculations must include all the columns of the adjacent grid
lines.
Depending on the properties of the column elements, their compression capacity PRi in






, for slender columns and PEul < Ai · fy
Ai · fy, for intermediate columns and PEul > Ai · fy
Ai · fu, for short and stocky columns and PEul > Ai · fy
(7.1)
where Ii is the moment of inertia, H is the height, A is the cross section area and k is the
column effective length factor of the column element i. E is the modulus of elasticity of the
material, fy the material yield strength and fu the material ultimate strength and i ∈ Θ.
To thoroughly explain the compression capacity of column elements Figures 7.10 and 7.11
are shown. According to [98], there are two major categories leading to the sudden failure of
a column element due to compression: material failure and structural instability (buckling)
(Figure 7.10). For material failures (Figure 7.10(b)), for ductile materials the yield stress is
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Ductile Material Brittle Material 
Buckling 
(a)   
 
Long compression member 
(b)   
 
Short compression member 
Figure 7.10: Different behavior of (a) Long-slender, and (b) Short compression members.
considered, while for brittle materials the ultimate stress is used.
For very long, slender columns (Figure 7.10(a)) the loss of stiffness occurs at stresses
far below the material failure. When a very slender member is subjected to compressive
force theoretically it will fail elastically due to Euler buckling around its weak or strong axis
depending on the boundary constraints on the edges of the column and the length of the
Euler’s formula 
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(Strength limit) 
Figure 7.11: Effect of slenderness on buckling capacity of a compression member. Different
zones representing different types of mechanisms.
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unbraced member to each direction (see red mark at region of ”Long Columns” of Figure
7.11, corresponding to elastic region [A] of the σ− ε diagram). However, Euler buckling load
only serves as the upper bound value of the resistance of a slender column and it only occurs
on a perfectly straight element, loaded centrally. In reality, Euler buckling is impossible to
achieve because of the geometrical and load imperfections (load eccentricity due to acting
moment) that cause the buckling load - compression capacity to drop.
The theoretical Euler solution will lead to infinite forces in very short columns, and that
clearly exceeds the allowed material stress, therefore short/stocky columns will fail due to
material failure, after exceeding fu stress value (see region of ‘Short Columns’ of Figure 7.11,
corresponding to region [C] of the σ − ε diagram).
For typical 2D steel frames, the most commonly observed column buckling failure will fall
into the intermediate category. This type of column fails when its section develops stresses
σ ≥ fy, so column is fully plastified and buckling resistance is as defined equal to A ·fy (see
green mark at region of ”Intermediate Columns” of Figure 7.11, corresponding to inelastic
region [B] of the σ − ε diagram).
7.2.2 Yielding-type beam mode of collapse - beam capacity
Following the removal of the column, the beam mode of failure activates the beams of the
bay above the removal. A beam mode of collapse is mobilized by the combined formation
of a plastic hinges mechanism (Figure 6.3 (a)) and the depletion of the allowable ductility
in the system. It must be noted at this point that only when the strongest of the beams
fails, meaning hinges should have formed already at all edges of all beams, will the beam
mechanism be produced. The load at which the strongest beam fails defines the collapse
load for this kind of collapse mode. Therefore, this collapse mode is governed by the beam
which has the maximum flexural resistance.
Let m be the total number of beams between the corner column grid line and the adjacent
column grid line (here between A and B) and let N = {1, 2, . . . ,m} denote the set of beams
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which appear between these grid lines. For the case of the 20-story frame of Figure 7.1,
m = 20.
The flexural capacity MRj of a beam element is:
MRj = wj · fy · µ (7.2)
where wj is the plastic section modulus and µ the allowable ductility limit. The ductility
limit refers to acceptance criteria of deformations/rotations. For the purposes of this work,
µ will be considered unknown.
7.2.3 Progressive collapse limit state functions
Two new collapse functions of α can now be generated (Cc(α) and Cb(α)) which will be
used to assess the system’s resistance to the two different progressive collapse modes. These
functions will define which one of the two collapse modes is governing.
7.2.3.1 Column mode of collapse function
For every column removal location α, a column mode of collapse function can be defined,
governed by the critical column element of set Θ which would be the most vulnerable to








where Pi(α) is the acting axial force in column i which is a function of the column removal
location α, and PRi is the axial resistance in column i which is independent of the removal
location. The column mode of collapse function identifies the minimum capacity to demand
ratio among all the column elements of Θ, thus the column which is prone to fail. α ∈ A
where A, is the set including all the possible corner column removal locations (the number of
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floors of the exterior grid line), and for the case of the frame of Figure 7.1, A = {1, 2, . . . , 20}.
7.2.3.2 Yielding-type beam mode of collapse function
Similarly, a yielding-type beam mode of collapse function factor can be defined, dictated by















The beam mode of collapse function identifies the maximum capacity to demand ratio
among all the beam elements of Θ above the removal, thus the strongest beam that controls
the resistance of the bay above the removal, after which fails beam failure is initiated.
Both progressive collapse functions are inverse functions of acting forces and moments
which are functions of the applied load q. Therefore, as q increases, both functions drop and
the first of the two to drop < 1, generates the collapse mechanism.








> 1 ⇒ Y ielding − type beam− induced collapse mode (7.6)
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Substituting equation 7.7 into 7.8 and solving for the ductility µ, a limit state ductility
















) , α ∈ A (7.9)
The calculation of equation 7.9 includes the axial compression capacity of the column
element i, the flexural capacity of the beam element j, but also includes the acting axial force
in the column and the acting bending moment in the beam. It is very important, however,
that for Equation 7.9 we are not interested in the actual values of the forces and moments,
but rather in the ratio of the acting values, therefore µcritical is independent of the applied
load q. Therefore, instead of calculating the exact forces and moments of the members
at the time step of failure, their ratio can be acquired at an earlier step, by performing a
simple linear analysis, assuming that this ratio remains approximately unchanged during the
analysis. The ratio represents the redistribution of the loads in the structural elements once
the element is removed.
The ductility limit state function defined in Equation 7.9 describes the critical ratio which
distinguishes the yielding-type beam progressive collapse modes from the column-type ones.
Any column removal which produces a critical ductility µcritical lower than 1 is proven to be
describing a column failure, while any column removal which produces a critical ductility
µcritical higher than 1 is established to be describing a yielding-type beam failure.
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7.2.4 Discussion on a numerical application
The new method was applied for the 20-story steel moment frame of Figure 7.1 and the
corresponding ductility limit state function is presented in Figure 7.12. Each point in the
graphs represents one column removal scenario. The horizontal axis of the graph represents
the number of columns above the removal, which is denoted by β, where β = n−α+ 1. The
vertical axis marks the critical ductility which is produced from the tool. According to the
tool, each analysis corresponding to a column removal at location α produces one critical
ductility point in the graph.
For a better presentation of the results, analyses of the 19th and 20th column removal are
omitted in the graph due to their large values. The ductility values of the points missing are
µcritical(19) = 7.40 and µcritical(20) = 19.52 for removal of the 19
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Figure 7.12: Ductility limit state function for the 20-story 2D steel moment frame.
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respectively. The resulting critical ductility values have been computed using Equation 7.9,
where the acting axial compression Pi and acting bending moment Mj values correspond to
applied vertical uniform load q = 1kN/m (less than 1% of the failure load for every removal
case) and purely elastic response of the structure.
The curve clearly consists of two zones denoted by different colors distinguishing the
two types of failure. The two zones are separated by a line which defines the boundary
µ = 1. On the one hand, there is the zone which covers the collection of points below the
unit ductility line (µ ≺ 1) and describes the buckling failures and the corresponding column
mode of collapse and on the other hand, the zone which covers the group of points above the
unit ductility line (µ  1) and describes the yielding-type beam mode of collapse. For the
analyses of the 8th - 10th corner column removals (β = 11 − 13), we compute µ ≈ 1 so the
yielding type and the buckling type of collapse mechanisms occur almost simultaneously.
The validity of the presented tool is tested by comparing results coming from complex
computational analyses involving material and geometric non-linearities (performed using the
general purpose FEM code Abaqus) with the respective results produced by the analytical
tool. The results are summarized in Figures 7.13 - 7.20.
Figure 7.13 presents two examples of each type of collapse mechanism, two column buck-
ling cases for the removal of 2nd and 4th floor corner columns and two beam yielding cases for
the removal of 13nd and 17th floor corner columns. The deformed shapes represent the last
step of the computational non-linear analysis, while the bullet points represent the respective
resulting critical ductility values produced by utilizing the suggested analytical methodology
which is based on linear analyses.
Figures 7.14 - 7.17 intend to elucidate the way the suggested tool functions. Figure 7.14
shows the results of the computation analysis of the 1st floor corner column removal. The
green bullet marks the failure step that coincides with the exceedance of column capacity to
axial compression. This removal results to buckling of the 1st floor adjacent column which
is further confirmed by the deformed shape of the frame and the stresses on the column
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that exceed the steel yield stress. Figure 7.15 explains the basis of the tool. The left side
plots depict the evolution of acting axial force on the critical column and the acting bending
moment on the critical beam and the red horizontal lines denote the respective capacity
values. The upper right graph shows the evolution of the computed ductility for every
applied vertical load value, meaning that Equation 7.9 is being evaluated for every set of
acting force and bending moment values corresponding to a load level. While constructing
the suggested tool, it was assumed that calculating the ratio of the capacity to demand for
the critical column and the critical beam in order to establish the critical ductility value
in each removal scenario, could be done in an elastic step with minor loss of accuracy in
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Figure 7.13: Comparison of the analytical tool and the computational results. Tool success-
fully predict both types of failure mechanism.
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removal 
130 kN/m 
Figure 7.14: Evolution of Nacting and Macting on the most critical elements for 10
th floor
column removal. Results for analysis run until failure is reached.
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Figure 7.15: Approximation due to employing elastic analysis in the proposed tool.
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Figure 7.16: Evolution of Nacting and Macting on the most critical elements for 8
th floor
column removal. Results for analysis run until failure is reached.
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Figure 7.17: Approximation due to employing elastic analysis in the proposed tool.
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ductility plot, that suggests that we can compute ductility value in an elastic step and still
predict the final ductility value with minor error. The blue bullet refers to an elastic step of
applied q = 5kN , where the demand over acting forces is computed, resulting in the ductility
value µcritical = 0.80 denoted by the blue diamond shape on the critical ductility plot. The
green bullet refers to the failure step of applied q = 130kN , where the demand over acting
forces is computed, resulting again in ductility value µcritical = 0.80 denoted by the green
diamond shape on the critical ductility plot. In conclusion, we can predict the dominant
progressive collapse mechanism using an elastic analysis with no loss of accuracy for a 2D
analysis.
Figure 7.16 shows the results of the computation analysis of the 18th floor corner column
removal. The green bullet denotes failure due to the acting bending moment on the critical
beam surpassing its capacity. The deformed shape of the frame further proves this mode
of collapse. Figure 7.17 is also used to explain the logic of the tool. By analogous line of
thinking we can again arrive to the comparison of the critical ductility in an elastic analysis
step (shown by the blue diamond shape µelastic = 5.06) to the critical ductility value on the
failure step of the analysis (shown by the green diamond shape µelastic = 4.91). The two
ductility values are very close and the ductility plot is almost horizontal until failure. This
also supports the argument that the error introduced due to the approximation is small and
does not affect the governing collapse mode prediction, since both µ values are larger than
unity. In an analogous way, computation of the critical ductility values is done for all the 20
removals.
More detailed presentation of the comparison of analytical and computational results are
given following. For example, for the 5th floor corner column removal (Figure 7.18), the tool
provides us with a point of ductility lower than one, indicating a buckling type of failure
which matches the results extracted from the computational analysis which show a column
buckling failure on the 5th floor adjacent column.
For the 13th floor corner column removal (Figure 7.19), the tool provides us with a point
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of ductility larger than one, indicating a beam yielding type of failure which matches the
results from computational analysis showing a yielding-type failure mode too. According
to the non-linear Abaqus analysis results, the adjacent 13th floor column remains elastic
through out the analysis as depicted in its acting axial force plot and the beams of the bay
above the removal fail due to formation of mechanism, as vividly shown by the deformed
shape of the frame.
In order to give a more comprehensive view of the analytical tool-computational analysis
comparison, Figures 7.20 (a), (b) present several points of the two distinguished zones.
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Figure 7.18: Comparison of the analytical tool and the computational results for the 5th
floor corner column removal.
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computational analyses where as the bullets come from the analytical tool. It is clearly
shown that tool and analyses match perfectly in all column removal cases. Figure 7.20b
portrays some yielding type failures, where again it is evident that tool and analyses are in
total agreement for all column removal cases. The conclusion here is that the approximation
from the linear analysis used in Equation 7.9 is introducing a rather negligible error.
Very interestingly, one could notice that different retrofitting techniques could result to
a change in the collapse mode of the frame. For example if the ductility of the frame is
defined at a point of value larger than 1, the increase of moment capacity of the beams of
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Figure 7.19: Comparison of the analytical tool and the computational results for the 13th
floor corner column removal.
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Figure 7.20: Indicative examples of (a) column buckling type of failure, and (b) beam yielding
type of failure, where analytical and computational results are in agreement.
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indicating that the collapse mode of the frame would switch to a buckling one. This is a
very important conclusion from the analysis.
Another very important aspect of the structural response which should be taken into
account is the inclusion of 3D effects in the analytical model in a 3D analysis framework,
where out-of-plane movement and rotation can be accommodated. Especially for the col-
umn buckling failure cases, the consideration of the out-of-plane buckling and the torsional
buckling will have a significant effect since the in a 3D analysis column will be allowed to
buckle around its weak axis which usually produces the critical failure, unlike a 2D structural
model, where weak axis movement is constrained.
It should also be mentioned, that one of the limitations of the method is that the dynamic
effect of progressive collapse is not yet included. However, it is incorporated into the analysis
with the use of the dynamic factor on the vertical loads. Extending the tool towards including
the dynamic effect of the phenomenon is a challenging task that is not covered in this thesis.
Another limitation of the method is that it does not account for the global loss of stability
type of mechanism, which is presented in [73] and applies to very tall and slender buildings
for which there is the potential of an overall loss of stability mechanism. This type of
collapse mode is difficult to be identified since regulative guidelines treat structure with a
the component-level-oriented set of ruled and system level is usually ignored. This type of
mechanism is triggered almost in an elastic fashion where structural elements of the system
remain elastic, the non-linear stability degradation of the system though leads to a global
loss-of-stability mode.
The assumptions used in the analysis are clearly mentioned here: the analysis is in two
dimensions, it is static, and it does not account for post-buckling behavior (for the case of
buckling-induced collapse mechanism). However, the author believes that the basic nature
of the conclusions reached in this work will remain the same if all three of these assumptions
were relaxed.
Lastly, it becomes clear from the results that the inclusion of the slab will change the
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results of the method. Taking into account the slab behavior will increase the bending
capacity of the beams, therefore increase the collapse resistance against the yielding-type
of collapse. This would result in the yielding-type failure zone to be depressed manifesting
that the loss of column buckling collapse mode would be more extensive for different column
removal locations and therefore more critical for the frame. On the other hand, at the same
time, reinforced concrete slab will add rigidity on the beam, increasing the concentration of
acting loads and acting bending moments and making the beams more prone to failure, thus
promoting the yielding type of failure. Including the slab in a 3D context analysis would
also be a major improvement towards simulating the boundary conditions on the edges of
the columns more realistically, affecting the calculation of the buckling resistance of the
columns. Therefore, including the floor system effect on the progressive collapse response is
necessary, since the resulting behavior is not straightforward and it would add in accuracy
of the system modeling.
7.3 Effect of Slab Inclusion in 2D context
Several research efforts focus on the effect of the floor system on the overall behavior of the
structure ( [65], [82], [83], [89] - [91], [99], [100]). In most cases, both experimentally and
computationally examined, these studies only include a small part of the studied structure,
usually one floor, which is an oversimplified approach that can lead to misleading conclusions.
Some papers include a high level of complexity and computational uncertainty in modeling
of a structure (including the connections, bolts, stiffeners, etc.) but on the other hand loss-
of-stability phenomena are ignored. Some of the papers suggest that the slab can play a
tying role for the progressive collapse resistance. The area of the slab is used to introduce
cables which can tie the structure, through the appearance of large tensile forces.
The effect of slab inclusion in the structural model can be of decisive importance to the
identification of collapse mechanisms with improved accuracy especially in a 3D framework.
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A preliminary way to model the inclusion of the slab effect in a 2D analysis in order to
investigate the way it alters the response of a frame is feasible by utilizing a simplified
method. A simple increase of the area of the beams is adopted, to account for the increased
flexural resistance added to the system by the slab.
First, plastic section modulus, the property that controls the flexural resistance of the
beam mechanism, of the composite beam-reinforce-concrete-slab system is computed. Then,
the section of a virtual beam that incorporates the slab effect is computed. As shown in
Figure 7.21, the equivalent beam section has increased flange thickness to give the same
bending moment capacity as the respective composite section.
For the examined 20-story steel moment frame of Figure 7.1, floor system properties
are given in [70] report (3” metal decking, 2.5” normal weight concrete are used, assumed
#4/5” mesh reinforcement) and the flexural resistance of the composite beam-slab section
can be computed. Subsequently, all beam sections are modified following the aforementioned
method to replace the composite section with an effective one with increased flange thickness
for every beam of the model. Ensuingly, the suggested analytical tool was applied and the
corresponding ductility limit state function is presented in Figure 7.22.
This plot also includes the previously conducted analyses that did not incorporate the
slab effect and comparison of the two curves reveals the following remarks:
• Inclusion of the slab does not cause change of the dominant collapse mechanism for
Composite Beam Equivalent Steel beam 
Figure 7.21: Configuration of the equivalent beam section to incorporate slab effect in 2D
analysis.
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any column removal scenario, apart from the cases of 8th - 10th corner column removals
(β = 11 − 13), that approach the limit state of µ = 1 and both types of failure may
occur simultaneously.
• Inclusion of the slab does not effect the cases of buckling collapse mode. For µ ≺ 1, µ
values remain unaltered by the slab effect.
• Inclusion of the slab mildly effects the cases of beam-yielding collapse mode. For
µ  1, µ values slightly increase for the analyses including the slab effect. So, the slab
has a beneficial role only when the collapse mode is governed by the beam failures,
driving the failure away from loss-of-stability phenomena that lead to brittle structural
behavior.
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Figure 7.22: Effect on the inclusion of slab effect on the ductility limit state function for the
20-story 2D steel moment frame.
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in the 3D analyses chapter where shell elements are used to simulate the floor system.
7.4 Concluding remarks
This work has presented a new methodology for the assessment of the susceptibility of the
structure to progressive collapse and the identification of progressive collapse modes of steel
moment frames under corner column removal in a 2D analysis environment. An analytical
method has been found in order to provide very important preliminary information about the
critical progressive collapse mode. The method is based on simple formulations using only
basic properties of the structure and is intended to be used widely by practicing structural
engineers helping them to identify the appropriate progressive collapse modes. Currently
available computational methods employ sophisticated tools addressing the non-linear nature
of the problem, rendering this type of analysis cumbersome. For that reason it is considered
imperative to produce simple and analytical methods which will provide useful information
on the behavior of structures against local damage.
The method deals with the two main progressive collapse modes: the column buckling
collapse mode involving the loss of stability/buckling of column elements of the structure and
the yielding-type beam collapse mode involving the flexural failure of beam elements of the
structure. The findings of the work are the first step towards a more detailed methodology
which will eventually include interior column removals, other structural systems, 3D analyses
and also phenomena not currently treated such as the dynamic effect.
The method is used to produce critical ductility curves for each column removal scenario
for an example 20-story moment steel frame. Computational analysis has shown that de-
pending on the column removal location in a steel moment frame, the structure responds
differently. When the damage is introduced in low floors, the collapse mechanism is gov-
erned by loss-of-stability phenomena (column failure) and when the column removal happens
at higher floors the yielding-type mechanism is dominant (beam failure). The results pro-
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duced by the analytical tool have shown total accordance of the method results with the
complicated computational analysis results, verifying the accuracy of the proposed tool.
First, the method is applied in a 2D framework, with the disadvantage of omitting the
out-of-plane types of failure from the pool of collapse mechanisms considered, as well as the
accurate contribution of the slab element in the response behavior of the frame. However, the
2D analysis is a fundamental step that allows for the methodology to be checked, reviewed
and verified and for some preliminary conclusions to be drawn. Then in the next chapter,
the frames analyzed are allowed to develop out-of-plane response but yet only a slice of
the structure is examined. Gradually, the ground is prepared for 3D detailed analyses,
and conclusions drawn from previous stages are compared. The extension of this analytical
methodology to 3D steel frames was indispensable in order to be capable to capture a realistic
response of the structure, consider out-of-plane and torsional phenomena and to account for
all the structural elements of the system, including the slab that plays a major role in the
response of the system. The degree to which simplifications in the analysis (2D versus 3D)
influence the outcome and the resulting governing collapse mechanism are evaluated in later
chapters.
The next important step in order to extend the findings of this work is the application
of the same analysis procedure in a 3D context, increasing the accuracy of the model. The
collapse mechanisms and thus the main conclusions are expected to alter, since the columns
examined herein in a 2D framework are not allowed to develop out-of-plane deformation
or rotation, thus elastic Euler buckling around the weak axis, which can be the critical
load for slender columns, is excluded and column failures are governed by inelastic non-
linear buckling. In addition, we already concluded that inclusion of slab can influence the
governing collapse mechanism. It would be much interesting to obtain the exact response
of the system having incorporated the entire floor system and being able to observe the
structure’s response in a more realistic representation. The suggested tool should undergo a
number of modifications for the case of 3D analysis including the slab element.
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Progressive Collapse Analysis in 3D
Context
8.1 Pseudo-3D Analysis Framework
8.1.1 Numerical Application
This chapter investigates the response of 2D steel moment-resisting frames after damage
is initiated in the structural system in a 3D framework, meaning that only a slice of the
building (2D frame) is examined, but now, out-of-plane deformation or rotation is allowed
to be developed (3D framework). This step of intermediate analysis between the fully 2D
and fully 3D framework, which will be referred to as pseudo-3D analysis, is necessary to
sequentially prepare the ground for the more complex 3D analysis.
Although this pseudo-3D analysis does not allow for the whole structure to be modeled
and the system response is still fragmented, it enables us to include the out-of-plane and
rotational types of failures in the pool of collapse mechanisms considered. Therefore, it is
regarded as a integral step that ensures the smooth expansion of the analytical methodology
and the study of the progressive collapse phenomenon in a structured manner. The role of
slab system is disregarded in this type of analysis as well.
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First, computational analyses are conducted in commercial software Abaqus to simulate
the behavior of the structure to damage and assess the structure’s reserve capacity to ac-
commodate abnormal load conditions. Following, the developed analytical tool is modified
to accommodate the additional pool of collapse modes considered and ensuingly, its ability
to identify the governing progressive collapse mode in a damage scenario for a pseudo-3D
analysis is tested.
This section demonstrates the numerical application of progressive collapse analyses on
a 20-story 2D steel frame in a 3D framework. Again Alternate Path Method is applied
and different collapse mechanisms are identified following the removal of columns along the
height of the building. The same steel moment frame of Figure 8.1 is utilized to illustrate
the different modes of progressive collapse. Detailed description can be found in FEMA
SAC-FEMA-355C (2000) [70], Appendix B.
8.1.1.1 Description of the Finite Element Model
The three different zones of progressive collapse resulting from removals of columns of the
corner grid are vividly shown in Figure 8.1. The structure is the 20-story steel moment
frame described in the previous chapter, that can be found in [70]. The only difference from
the frame examined on the previous chapter is the inclusion of the 2 basement levels in the
modeling of the frame. However, column removals refer to floors above the ground.
The commercial software Abaqus SIMULIA [71] is employed and a representative perime-
ter moment-resisting frame comprising 1903 3-node quadratic open section B32OS elements
is analyzed using the finite element method. The FE model is a planar 3D frame accounting
for all the six displacement and rotational degrees of freedom at each Gauss point, while the
out-of-plane displacements at the beam-column intersections have been restrained to account
for slab rigidity against outward frame movement. Therefore, the model is able to capture
out-of-plane phenomena such as the out-of-plane (weak axis) column flexural or flexural-
torsional buckling displaying a pseudo-3D behavior, yet retaining the ease of 2D geometry.
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All base nodes of −2 floor columns are modeled as pinned. Basement beams are restrained
along their length against out-of-plane movement to account for enclosure of basement into
soil. The rightmost and leftmost nodes of the basement beam line are also restrained against
in-plane motion. All constrains employed are depicted in Figure 8.2. Lastly, computational
analyses that take into account both material and geometric non-linearities are employed,
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19 floors @ 3.96 m  
1st floor 5.49 m  
B C D E F 
Beam Failure 
Induced Collapse Mechanism 
17th – 20th  floor 
Inelastic Column Buckling 
Induced Collapse Mechanism 
4th – 16th  floor 
Basement  
2 floors @3.66 m  
-1 
-2 
Elastic out-of-plane Column Buckling 
Induced Collapse Mechanism 
1st – 3rd  floor 
Figure 8.1: Configuration of the 20-story moment-resisting steel frame. different zones of
failure mechanisms are distinguished along the height of the structure.
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The column removal scenarios considered include the removal of every edge column of
the frame for a total of 20 independent scenarios. Negligible eccentricity in the form of
lateral out-of-plane loads of the order of 5kN is applied on the grid adjacent to removal in
order to introduce imperfection to assist the triggering of out-of-plane loss-of-stability phe-
nomena. Each progressive collapse scenario includes a static push-down analysis. Uniformly
distributed load is applied on the beams gradually increasing until the detection of failure
in the structure. Following the provisions by the DoD (2013), the dynamic effect is taken
into consideration using the Dynamic Increase Factor ΩN for the vertical loads applied on
the bay above the removal. Figure 7.3 shows the distribution of vertical loads on a generic
structure where a corner column has been removed.
Figure 8.2: Configuration of Abaqus model of the 13th floor corner column removal. Red
dots denote the location of constraints.
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8.1.1.2 Results from Computational Analyses
The first analysis refers to the removal the corner column of the 1st floor. After the column
removal and the subsequent application of the loads on the structure in the form of vertical
push-down, the Euler buckling of the adjacent 1st floor column around its week axis occurs
and in the end of the analysis the lateral collapse of the frame happens in a loss-of-stability
manner. Figure 8.3 (a), (b) depicts the results for the column removal scenarios of the
1st and 2nd floor respectively, describing the elastic flexural out-of-plane column buckling
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Figure 8.3: Two representative cases where column removal results in out-of-plane buckling
type of failure. Cases of (a) 1st floor, (b) 2nd floor corner column removals.
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The left side of the figure includes the deformed shapes of the frame as given in Abaqus
at the last step of the analysis, showing the out-of-plane deformation of the 1st floor failed
column while the middle part of the figure includes the axial force of the failed column as a
function of its mid-height horizontal out-of-plane displacement. The behavior of the column
clearly indicates its instability and its buckling failure after reaching the Euler load along
with a rapid increase in the out-of-plane displacements. At the right side of the figure, the
bending moment of the most critical beam above the removal is shown as a function of
its rotation. As it can be observed from these graphs, the bending moments of the beams
above the removal remain elastic throughout the analysis, while the small rotations can be
attributed to the buckling of the column and the rotation of the beam-column intersection.
There is no yielding in the beam which would cause a change in the moment-rotation graph.
We then proceed with corner column removals to higher floors and again we can observe
that different column removal locations produced different collapse modes. The results are
indicatively presented in Figures 8.3-8.6. Loss-of-stability response is observed for the column
removals up to the 16th floor and for removals above the 16th floor yielding type of collapse
dominates the response behavior.
Removals of corner columns from 4th to 16th result in inelastic buckling mode of failure.
Indicatively, results of analyses leading to inelastic buckling type of failure are shown in
Figure 8.4 which includes the removals of the 6st and 13th floor corner columns. These
removals result to buckling of the adjacent column and different graphs are now utilized
to support the buckling-type failure conclusion. First, the deformed shape of the frame at
the last step of the analysis allows for preliminary conclusion of the loss-of-stability type of
failure, as the adjacent failed columns exhibit large in-plane buckling deformation illustrating
the buckling mode of collapse.
In addition, the plot of the evolution of the acting axial force in the adjacent column
with respect to the mid-column node horizontal displacement clearly advocates the buckling
failure. The axial load increases almost vertically until it reaches the buckling capacity load
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A ·fy and turns into a horizontal branch marking the fast increase of the lateral displacement
of the column. When the column reaches its buckling load it suddenly losses its stability.
In addition, the plot of the evolution of the acting bending moment on the strongest,
thus the most critical, beam above the removal with respect to the rotation accrued on the
beams is shown. The bending moment increases linearly until the column buckling occurs,
marked by the curves’ change of slope. The small rotations are attributed to the governing
column buckling failure and not to a beam failure. By the end of the analysis beams have
not formed plastic hinges, thus have not failed.
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Figure 8.4: Two representative cases where column removal results in inelastic buckling type
of failure. Cases of (a) 6th floor, (b) 13th floor corner column removals.
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collapse mechanisms is that for the Euler-type buckling the column behaves totally elastically
throughout the failure, whereas inelastic buckling is accompanied with yielding stress along
the height of the failing column. Figure 8.5 compares these two buckling phenomena, by
showing the evolution of stresses in the column with respect to the analysis time step (a) for
Euler buckling and (b) for inelastic buckling. Different lines denote the stresses developed
on the 13 section points (SP) of the column element section. The threshold of yield stress
fy is only surpassed for the case of inelastic buckling, for Euler buckling the whole section
remains elastic despite the buckling-type failure.
The analysis continues with removals of corner columns above the 16th floor. Figure 8.6
illustrates the yielding-type beam-induced collapse mechanism through the specific examples
of the 17th and the 19th floor edge column removals. The collapse modes now follow an
entirely different configuration. The beams fail due to yielding and no column buckling





























Analysis Time Step Analysis Time Step 
(b) 
Figure 8.5: Stress diagrams for the buckling column. Cases of (a) 1st floor column Euler
buckling, (b) 6th floor Inelastic column buckling. The different lines represent the 13 Section
Points of a column element.
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Figure 8.6: Two representative cases where column removal results in yielding-type beam
failure. Cases of (a) 17th floor, (b) 19th floor corner column removals.
beams above the column removal, which exhibit large rotations at their edges. The axial
force in the adjacent row of columns below the removal is not reaching the buckling load of
any of the columns and the columns behavior is essentially elastic.
Figure 8.1 summarizes the findings for the 20 examined corner column removal scenar-
ios performed in Abaqus software. Overall, there are three different collapse mechanisms
identified, creating three zones along the vertical axis of the building, representing different
progressive collapse modes:
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• Edge column removals from floors 1st-3rd result in an out-of-plane (weak axis) elastic
flexural column buckling induced collapse mechanism.
• Edge column removals from floors 4th-16th result in an inelastic column buckling in-
duced collapse mechanism.
• Edge column removals from floors 17th-20th result in a yielding-type failure induced
collapse mechanism.
One first significant conclusion can be drawn by comparing Figures 7.8 and 8.1. Due to
the transition from 2D to 3D analysis framework, the resulting collapse mechanism for the
same column removals across the building height has changed for the 1st-3rd and 11th-16th
column removal cases. Especially for the case of 1st-3rd column removals, it is proven to be
absolutely imperative to take into account out-of-plane phenomena and allow for the Euler
buckling type to develop in order to most realistically represent the progressive collapse
potential of the frame. This outcome strengthens the urge for progressive collapse analysis
to be performed in a 3D context in order to be able to capture out-of-plane failures that prove
to be critical in certain cases. Another important remark is that loss-of-stability dominates
among the observed collapse mechanisms for this specific frame (16 out of 20 removals lead
to buckling failure) underlying the need for special attention to loss-of-stability phenomena
and use of powerful computational tools that can accommodate for them.
Following, the suggested analytical tool is utilized, to predict analytically and without
the need for inelastic analyses, the governing collapse mechanism in every removal scenario
considered. The results are then compared to the computational analyses outcome, as illus-
trated in this section.
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8.1.2 Developed Analytical Methodology in 3D Context
In previous chapter, an analytical methodology based on linear analysis and straightforward
calculations was established for 2D analysis environment, in order to provide a direct way
to assess the progressive collapse potential of a damaged structural system without employ-
ing computationally expensive analyses to achieve accurate results. This methodology is
intended to assist practicing structural engineers to easily determine the governing collapse
mode of a damaged structure. In this section, the presented analytical tool is appropriately
modified in order to adapt to a 3D environment, meaning to accommodate out-of-plane
and rotational failures. Therefore, adjustments are made in the formula computing the col-
umn capacity to axial compression, to include axial capacity against Euler buckling around
column weak axis and against torsional buckling.
After completing a series of 20 analyses investigating the response of 2D steel moment
frames to damage introduction in a 3D framework, the analytical tool presented is checked
to verify its ability to identify the governing progressive collapse mode for every damage
scenario. First, the necessary theoretical background is adjusted to the 3D context and then
the same steel moment frame of Figure 8.1 is utilized as a generic example structure in order
to validate the analytical method. Same as earlier, the bay width is denoted with L and the
floor height with H. The bays are loaded with a uniform load q, except for the bay above
the removal which bears uniform load ΩN · q. The tool is based on linear analysis results.
As a reminder, n denotes the number of the total floors of the adjacent column grid line
and α is the corner column removal floor location and Θ = {1, 2, . . . , n} denotes the set of
columns which belong to the grid line adjacent to the removal. For the case of the 20-story
frame of Figure 8.1, Θ = {1, 2, . . . , 20}.
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8.1.2.1 Column mode of collapse - column capacity
After the removal of one of the columns, the load of the beams above the removal is redis-
tributed and should be supported by the columns which belong to adjacent grid lines. Any
column of the adjacent grid lines could fail, precipitate the collapse of the overall system,
depending on the the location of the weakest columns, with most vulnerable columns to be
the ones lying on the adjacent interior grid line B in this example case of frame of Figure
8.1. Therefore, for every floor column removal scenario, calculations must include all the
columns of the adjacent grid lines.
Depending on the properties of column elements, their axial capacity PRi in a 3D analysis










}, for slender columns and PEul < Ai · fy
Ai · fy, for intermediate columns and PEul > Ai · fy





G·J ·H2 , for slender open-section columns and PT < Ai · fy
(8.1)
where PEuler is the Euler buckling load, PT is the torsional buckling load, E is the modulus
of elasticity of steel, G is the shear modulus of steel, Iy and Iz are the moment of inertia of
the cross-section of the column around its strong and weak axis respectively, J is the uniform
torsion section constant, ip is the polar radius of gyration of the section, Cw is the warping
torsion section constant, H is the height of the column, k is the effective length factor of the
column, A is the cross sectional area of the column, fy is the yield strength of steel, fu is
the ultimate strength of steel and i ∈ Θ.
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8.1.2.2 Yielding-type beam mode of collapse - beam capacity
Following the removal of the column, the beam mode of failure activates the beams of the
bay above the removal. Overall collapse will happen when reaching the limit of allowable
ductility in the system. This is equivalent to the failure of the strongest of the beams above
the column removal. In different words, this collapse mode is controlled by the beam with
the maximum flexural capacity (among the beams above the column removal).
If m is the total number of beams between the corner column grid line and the adjacent
column grid line (here between A and B) and N = {1, 2, . . . ,m} denotes the set of beams
between these grid lines, the flexural capacity MRj of a typical beam element is:
MRj = wj · fy · µ (8.2)
where wj is the plastic section modulus and µ the allowable ductility limit of the beam.
8.1.2.3 Progressive collapse limit state functions
The two collapse functions Cc(α) and Cb(α) used to evaluate the system’s vulnerability to the
two different progressive collapse modes remain unchanged for the 3D framework purposes
(for detailed description see 7.2.3).
















) , α ∈ A (8.3)
It is emphasized again that there is a different value for µcritical for every location α of
the edge column removal. Once a location α of the edge column removal is prescribed and
the corresponding value of µcritical is calculated, if µcritical  1, then the collapse is induced
through a yielding-type beam-induced collapse mode. If, however, µcritical ≺ 1, then the
collapse is induced through a buckling-induced collapse mode.
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8.1.2.4 Numerical application
The proposed simplified method/tool is applied now to the 20-story steel moment frame
shown in Figure 8.1. The limit state ductility values µcritical are computed using equation 8.3
and plotted in Figure 8.7. The horizontal axis of the graph represents the number of floors
above the column removal which is denoted by β = N−α+1 (β = 1 corresponds to α = 20
which is the 20th floor column removal and β = 20 corresponds to α = 1 which is the first
floor column removal). The values of µcritical are provided on the vertical axis. It is obvious
that every value of β (or equivalently α) corresponds to a different value of µcritical.
The two types of failure mechanisms are separated by a line which defines the limit state
condition µ = 1. If a specific location of column removal yields a value of µcritical larger than
unity, then progressive collapse occurs through a yielding-type collapse mechanism, which
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Figure 8.7: Ductility limit state function for the 20-story 2D steel moment frame in 3D
analysis framework.
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location of column removal yields a value of µcritical less than unity, which is the case for the
points of the lower part of the graph, then progressive collapse occurs through a buckling-
type collapse mechanism. The resulting µcritical of the 19
th floor removal analysis is marked
on the plot due to its large value. The critical ductility values have been computed using
Equation 8.3, where the acting axial compression Pi and acting bending moment Mj values
correspond to applied vertical uniform load q = 1 kN/m, which ensures the elastic response
of the structure. The accuracy of the predictions of the proposed simplified method/tool
is tested by comparing its results to those of an analysis involving material and geometric
non-linearities (performed using the FEM code Abaqus). The results are summarized in
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Figure 8.8: Comparison of the analytical tool and the computational results. Tool success-
fully predicts both types of failure mechanism.
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Figure 8.8 presents examples of each type of collapse mechanism, one Euler-type buckling
case for the removal of the 1st floor corner column, two inelastic buckling cases for the
removal of 5th and 14th floor corner columns and two beam yielding cases for the removal
of 17th and 20th floor corner columns. The deformed shapes present the computational non-
linear analyses results, while the bullet points visualize the resulting critical ductility values
produced by the suggested analytical tool which is based on linear analyses. The following
figures further elucidate the comparison of analytical and computational results and the
validity of the proposed methodology towards identifying the governing progressive collapse
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Figure 8.9: Comparison of the analytical tool and the computational results for the 8th floor
corner column removal.
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Figure 8.9 presents the case of 8th floor corner column removal. The proposed method/tool
predicts a buckling-type collapse mechanism (µcritical ≺ 1) and this is verified by the results
of the non-linear analysis which show a column buckling failure on the 8th floor adjacent
column. For the 18th floor corner column removal of Figure 8.10, the tool predicts a beam
yielding type of failure (µcritical  1) which matches the results from computational analysis
showing a yielding-type failure mode too. Abaqus analysis results indicate that the beams
of the bay above the removal fail due to formation of plastic hinges mechanism.
In order to give a more comprehensive view of the analytical tool-computational analysis
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Figure 8.10: Comparison of the analytical tool and the computational results for the 18th
floor corner column removal.
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Figure 8.11: Indicative examples of (a) column buckling type of failure, and (b) beam yielding
type of failure, where analytical and computational results are in agreement.
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Figure 8.11a depicts some loss of stability cases, the deformed shapes come from the
computational analyses where as the bullets come from the analytical tool. It is vividly
proved that the analytical tool is in complete agreement with the computational analyses in
all column removal cases, both for the cases dealing with Euler buckling failure and inelastic
buckling. Figure 8.11b portrays some yielding type failures, where it is evident that tool and
analyses are consistent for all cases. Therefore, it is further confirm that the approximation
introduced to the numerical tool due to the linear analysis used in Equation 8.3 generates a
comparatively trivial error.
Extending the proposed method/tool to 3D frames is a straightforward task examined
in the next section. Including the slab in a 3D analysis framework would also be a major
advancement towards a more accurate assessment of the susceptibility of the structure to
localized damage.
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8.2 3D Analysis Framework
8.2.1 Introduction
Section 8.2 presents a number of detailed 3D non-linear finite element static analyses per-
formed using the commercial Abaqus on a range of steel frame buildings in order to examine
the response of a structure to localized damage in a more realistic and accurate manner.
The potential of extending the suggested methodology in a 3D environment is also explored
and the challenges introduced with this kind of analysis are analyzed. In this section, the
whole structure is being modeled, including not only peripheral frames but also the interior
ones, as well as the slab system which adds accuracy to the model considered.
Among the challenges introduced is the enhancement of the complexity of the model due
to additional non-linear elements included, the difficulty in defining the resistance of the
structural system and the respective failure load and the consideration of new behavioral
schemes due to the expansion of the extend of the problem. The necessity of the 3D analysis
has been demonstrated in previous sections and since the ground has been prepared through
the 2D and pseudo-3D analysis framework, this section provides a smooth transition to the
3D analysis context.
To begin with, four steel example structures comprising different number of floors, dif-
ferent in plan structural systems and different span lengths are investigated using Abaqus
software in order to evaluate their progressive collapse resistance and observe the variety of
progressive collapse mechanisms induced after damage is inserted in the structural system.
Next, the developed analytical method as formed in 8.1.2 is applied for all four buildings and
its efficiency in identifying the dominant progressive collapse mode for a removal scenario
in 3D analyses is investigated. Finally, conclusive remarks regarding the influence of the
structural characteristics of the building on the governing collapse mode and the accuracy
of the proposed methodology are discussed.
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8.2.2 Numerical Application
8.2.2.1 Description of Buildings
Figure 8.12 illustrates the full models of the four steel buildings utilized as example struc-
tures, one high-rise 20-story, two mid-rise 10-story and 9-story buildings and one low-rise
3-story building. These buildings are found in literature and the sources providing informa-
tion about their designing parameters utilized are cited following. Information about the
high-rise 20-story, the mid-rise 9-story and the low-rise 3-story steel buildings can be found
in SAC-FEMA-355C [70] report, in Appendix B. For the mid-rise 10-story building, [102]
provides all necessary information.
The 20-story building is designed according to Pre-Northridge requirements at Boston
area and it provides a common problem setting for a progressive collapse analysis. The
building consists of perimeter moment resisting frames, interior gravity frames and two-
level basement. Plan view of the structural system is depicted in Figure 8.13 along with
the location of the column removal. The structure consists of 5 bays in the N-S axis and
6 bays in the E-W axis, with bay width equal to 20 ft (6.10 m). The story height is 18
ft (5.49 m) at the ground level, 13 ft (3.96 m) at the upper floors and 12 ft (3.66 m) at
the two basement levels. Flexible beam-column connections between the frames ensure uni-
axial bending conditions. For the 3D model, beams spanning from column to column are
included whereas the secondary beams are neglected for simplicity. The nominal design
vertical loads are 83 psf (3.97 kPa) for roof and 96 psf (4.60 kPa) elsewhere for dead loads,
and 20 psf (0.96 kPa) for roof and 50 psf (2.39 kPa) elsewhere for live loads. All the
structural sections are American W-sections. The column sections range between W8 × 48
and W36 × 260, while the beam sections range between W12 × 14 and W36 × 182 (see
Figure 8.15). The structural steel components follow the non-linear material characteristics
of structural steel A572 Gr.50, described by an elastic-plastic material model with bi-linear
stress-strain behavior with isotropic strain hardening. The yield stress is 50 ksi (345 MPa)
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and the ultimate strength 65 ksi (450 MPa) at strain 18%. The floor system in Figure 8.14
consists of a 3” (76.2 mm) deep metal deck with a 2.5” (63.5 mm) normal weight concrete
topping with nominal compressive strength of 4.8 ksi (33 MPa) and a tensile strength of 0.36
ksi (2.6 MPa) and Young’s modulus 4570 ksi (31.5 GPa). Steel deck information is omitted
in the report, so it is assumed to be 3WH − 36, Gage18 which is suitable for this width of
spans, made of steel A572 Gr.50, of 0.05” (1.19 mm) thickness. The concrete slab is also
assumed to be reinforced using a wire mesh 4 × 4, W1.4 × 1.4 steel, following the material
Basement  
2 floors @12’  
1 floor @18’  
19 floors  
@13’ 
20 stories  
10 floors 
@12’ 
10 stories  
9 stories 
1 floor @18’ 
Basement @12’ 




3 stories  
Figure 8.12: Description of example buildings used.
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Figure 8.13: Plan view of structural systems of the buildings used.
characteristics of steel A572 Gr.60, described by bi-linear stress-strain behavior with isotropic
strain hardening. The yield stress of reinforcement bars is 65ksi (450MPa) and the ultimate
strength 75 ksi (515 MPa) at strain 18%. Material properties and composite slab geometry
are summarized in Figure 8.14. The superstructure design complies with the Boston code
requirements and conforming to provisions of Pre-Northridge design. More details about the
geometry, member dimensions and section properties can be found in Appendix B of [70].
The 9-story building is also designed according to Pre-Northridge requirements at Boston
area. The building consists of perimeter moment resisting frames, interior gravity frames and
one-level basement. Plan view of the structural system is depicted in Figure 8.13 along with
the location of the column removal. The structure consists of 5 bays both in the N-S and
165
CHAPTER 8. PROGRESSIVE COLLAPSE ANALYSIS IN 3D CONTEXT
in the E-W direction, with bay width equal to 30 ft (9.14 m), so this structure offers larger
spans. The story height is 18 ft (5.49 m) at the ground level, 13 ft (3.96 m) at the upper
floors and 12 ft (3.66 m) at the basement level. As shown in Figure 8.13, flexible beam-
column connections are denoted by triangles and the rest are rigid connections. Primary
beams are included whereas secondary beams are neglected. Same vertical load values as
the 20-story are used. All structural sections are American W-sections, with column sections
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Figure 8.14: Material properties of steel used for reinforcement and steel structural elements
and of concrete used for slab system.
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Figure 8.15: Table of column and beam sections of 20-story Boston Pre-Northridge design
building (reprinted from SAC-FEMA-355C 2000 [70]).
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Figure 8.16: Table of column and beam sections of 9-story Boston Pre-Northridge design
building (reprinted from SAC-FEMA-355C 2000 [70]).
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Figure 8.17: Table of column and beam sections of 3-story Boston Pre-Northridge design
building (reprinted from SAC-FEMA-355C 2000 [70]).
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Figure 8.18: Table of column and beam sections of 10-story office building in Chicago
(reprinted from [102]).
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and W36 × 135 (see Figure 8.16). Same material properties as 20-story structure are used
for all structural elements and slab components (see Figure 8.14). The superstructure design
complies with the Boston code requirements and conforming to provisions of Pre-Northridge
design. More details can be found in Appendix B of [70].
The 3-story building is also designed according to Pre-Northridge requirements at Boston
area. The building has moment resisting frames in the perimeter and gravity frames in the
interior. Plan view of the structural system is depicted in Figure 8.13 along with the location
of the column removal. The structure consists of 4 bays in the N-S and 4 bays in the E-
W direction, with bay width equal to 30 ft (9.14 m). This structure is highly irregular
due to the different number of spans in the two directions and the position of the MRF
(as shown in plan view in Figure 8.13 in red color). The story height is 13 ft (3.96 m). As
shown in Figure 8.13, flexible beam-column connections are denoted by triangles and the rest
are rigid connections. Primary beams are modeled whereas secondary beams are omitted.
Same vertical load values as the 20-story are used. All structural sections are American W-
sections, with column sections ranging between W12× 58 and W14× 99, and beam sections
ranging between W14 × 22 and W21 × 62 (see Figure 8.17). Same material properties as
20-story structure are used for all structural elements and slab components (see Figure 8.14).
The superstructure design complies with the Boston code requirements and conforming to
provisions of Pre-Northridge design.
The 10-story office building is designed according to U.S. building codes for combinations
of dead, live, earthquake and wind loads in Chicago, USA. The building uses perimeter
moment resisting frames for lateral load resistance and pin-connected gravity frames to
resist gravity loads. The structure consists of 3 bays in the N-S and 5 bays in the E-W
direction, with bay width equal to 25 ft (7.62 m) and the story height is 12 ft (3.66 m). The
nominal design vertical loads are 65 psf (3.1 kPa) for dead loads and 50 psf (2.4 kPa) for live
loads. Same material properties as 20-story structure are used for all structural elements and
slab components (see Figure 8.14). The beams of the perimeter MRFs in the building are
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assumed to resist the moment demands without any composite action. The gravity beams
are supported by shear tab connections at the two ends, while the beams in the perimeter
MRFs have fixed (moment) connections with the columns. The end beams of the MRFs in
E–W direction are connected to the corner columns using shear-only connections to avoid
bi-axial moments in the corner columns. As shown in Figure 8.13, flexible beam-column
connections are denoted by triangles and the rest are rigid connections. All the columns
are designed to remain pin connected at the base. All the structural sections are American
W-sections. The column sections range between W8 × 24 and W14 × 311, while the beam
sections range between W12× 19 and W27× 217 (see Figure 8.18). More details about the
geometry, member dimensions and section properties can be found in [102].
8.2.2.2 Description of the Finite Element Models
The commercial software Abaqus SIMULIA [71] is employed and all four structures are an-
alyzed using the finite element (FE) method. B32OS beam elements are used in order to
simulate both beams and columns, which take into account the warping rigidity of open-
section members against torsional loading. A mesh of fully integrated four-node, isotropic
S4R shell elements of uniform thickness are used for the slab modeling. The mesh used
for the discretization of finite element model is selected to be sufficiently fine to accurately
capture the structural response of the system. Moment releases were utilized at appropriate
locations between the moment resisting frames and the gravity frames, realized by the mo-
ment release command in Abaqus input file. All column base nodes are modeled as pinned.
Perimeter nodes of the basement levels are considered pinned as well, to account for soil en-
closure conditions. Computational analyses take into account both material and geometric
non-linearities, which is essential in order to be able to accurately capture loss-of-stability
phenomena.
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The modeling of the composite steel-concrete slab was simplified to an equivalent uniform
section concrete slab, with steel reinforcement layer. Composite action between the concrete
slab and the supporting beam was developed by rigidly connecting the shell (S4R) elements
to the beam (B32OS) elements at regular intervals. The contribution of the steel ribbed deck
was taken into account by using equivalent steel reinforcement bars embedded in the concrete
shell elements, based on the simplified slab modeling approach of Alashker et al. [90]. This
equivalent reinforcement as well as additional steel reinforcement in the slab were modeled
using truss elements, which have a uniaxial, bi-linear stress-strain relationship. The mesh
bars were assumed to be fully bonded to the concrete slab.
Structural details such as walls and partitions can affect the response of the structure.
Including these secondary elements in the analysis would increase the complexity of the
responses. Therefore, the effect of secondary elements will not be considered because the
responses of the major load carrying members should be clarified first.
A bi-linear material model in Abaqus was utilized to describe the non-linear material
characteristics of the A572 Gr. 50 steel of the structural steel components and of the A572
Gr.60 steel of the wired mesh reinforcement, the properties of which were described earlier.
The material of concrete was modeled by using the CDP (Concrete Damaged Plasticity)
model in Abaqus proposed by Lubliner at al. 1989 [103] and Lee and Fenves 1998 [104]. Ac-
cording to this model, the inelastic behavior of concrete is represented by utilizing concepts of
isotropic damaged elasticity in combination with isotropic tensile and compressive plasticity.
The concrete compressive and tensile strength and Young’s modulus values are prescribed
earlier and are vividly shown in Figure 8.14. Parameters of the concrete damaged plasticity
model were obtained by Kmiecik and Kaminski 2011 [105] and are also shown in Figure 8.14.
The stress-strain relationship was defined for the compressive and tensile behavior using the
Desay and Krishnan formula and the modified Wang and Hsu formula respectively, selected
from [105]. After reaching the point of tensile cracking, the tensile stress-strain exhibits
softening behavior and the tensile load is transferred to the reinforcement.
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The performed column removal scenarios include all corner column locations of the four
example structures for the floors above ground. As mentioned before, ‘missing-column’
scenarios at corner locations are commonly considered more catastrophic as a progressive
collapse scenario, so we proceed with corner removals. Each progressive collapse scenario
includes a static push-down analysis. Uniformly distributed load is applied incrementally
on slabs until the detection of failure in the structure. Following the provisions by the
DoD (2013) in the Non-linear Static Procedure (NSP) part, the dynamic effect is taken into
consideration using the Dynamic Increase Factor ΩN which is separately calculated for each
structure. To explain the application of vertical loads, Figure 8.19 illustrates the distribution
of vertical loads on the floors using as example the 9-story structure where the 7th floor corner
column has been removed; the bay above the removal is loaded with ΩN · q while the rest
of the slabs are loaded with q, where q value changes at every iteration of the incremental
analysis until failure.
removal 















Figure 8.19: Application of vertical loads after corner column removal. Example of removal
of 7th floor corner column of the 9-story building.
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8.2.2.3 Results from Computational Analyses
This section demonstrates the numerical application of progressive collapse analyses on a
range of 3D structures making use of the Alternate Path Method and subsequently identifying
different collapse mechanisms along the height of the buildings. The steel structures of Figure
8.12 are employed as typical example structures and results from the analyses are presented
following.
• 20-story building:
For this structure, the gravity columns of the interior frames of the 2nd level basement are
identified as the most critical elements of the structure for all removal cases. All corner col-
umn removals along the height of the building on the grid specified in Figure 8.13 ultimately
result in global collapse of the structure in a loss-of-stability manner due to consecutive
buckling failures of these gravity columns. More specifically, after the vertical applied load
on the floors has been sufficiently increased, the gravity W14× 311 column of the -2nd floor
that is closest located to the removal grid is the structural element that fails first. After the
buckling failure of this gravity column, one by one the rest of the gravity columns of the
-2nd floor buckle, the building loses its core elements and ultimately collapses not being able
carry additional load.
Figure 8.20 indicatively shows the results for one of the column removals, the removal of
the 10th floor corner column. However, analogous results are reached for all corner removals
but for different failure loads for each removal case, because with the change of the location of
the removal different number of floors are subjected to increased load caused by the dynamic
effect. After the 10th floor column removal and the subsequent application of the vertical
loads on the structure, the non-linear buckling of the gravity column of the -2nd floor that
is closest located to the removal grid occurs and eventually the lateral collapse of the frame
happens in a loss-of-stability fashion after all gravity columns of the -2nd floor have failed.
Figure 8.20 depicts the deformed shape of the structure as given in Abaqus at the last step
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Loss of stability failure 
345 MPa 10.7 kPa 
C o m p u t a t i o n a l    A n a l y s i s 
removal 
Figure 8.20: Computational analysis results for 20-story building, removal of 10th floor corner
column.
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of the analysis, clearly suggesting that failure is caused due to buckling of the aforementioned
column which is marked on the grid with the dashed yellow circle. The zoomed in picture the
critical column shows the snapping of the column and the formation of the inelastic zone as
denoted in gray color, both strong indicators of the inelastic buckling failure of the column.
The loss-of-stability type of failure is further justified by the bottom left plot of the acting
axial force in the critical column with respect to the vertical uniformly applied load q. This
plot shows that the curve of axial force acting on this column is practically linear in the
beginning of the loading, it then reaches the buckling capacity of the column A · fy denoted
by the red line and then the analysis is terminated for load q = 10.7 kPa, expressing the
exhaustion of bearing capacity of the column. The bottom right plot depicts the normal
stresses developed at the column mid-height section (each line represent one section point
on the cross section, 13 in total) which reach the yielding stress fy value at the failure load
and then decrease as the element loses its bearing capacity. This behavior describes the non-
linear buckling phenomenon. One of the most noteworthy observations is that the column
behaves totally elastically prior to its snapping and loss of stability.
The column buckling failure is further verified by the top plots presenting the behavior of
the most critical beam, the 10th floor W33× 130 beam denoted by the solid yellow circle on
the building, which is shown to remain intact during the analysis. The left plot points out
that the recorded acting bending moment has not reached beam’s bending capacity at the
failure load and the right plot illustrates the stresses acting at the critical beam section (again
measured at the 13 section points) which remain elastic during the analysis, proving that no
beam yielding occurs. So, the analysis is terminated due to the bucking failure mentioned
above. It should be noted here that the red line representing the bending capacity of the
beam refers to the combined strength of the composite beam-slab system.
The right part of Figure 8.28 summarizes the findings for the 20 examined corner column
removal scenarios performed in Abaqus. There is only one type of collapse mechanism
identified:
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• Edge column removals from floors 1st-20th result in inelastic column buckling induced
collapse mechanism.
Figure 8.21 indicatively shows the deformed shape of the structure for 4 removal cases;
the (a) 20th, (b) 14th, (c) 7th and (d) 1st floor corner column removals. The arrow indicates
the removal location. The zoomed picture refers to the most critical column that buckles,
proven both by the accumulation of lateral deformation and the development of stresses
that exceed the yield stress (by comparing colors with provided legend, gray area marks
the plastified part of the column). Beams above the removal respond elastically and do not
exhibit large vertical deformations.
Removals of all floors corner columns result in the same type of failure: inelastic buckling
of the -2nd floor gravity column that then triggers the instability of the whole structure. This
20-story structure is a vivid example of the role that design plays in guiding the progressive
collapse mechanism of a damaged building. This becomes even more apparent if we focus
on the removal of the 20th floor corner column which would be rather expected to result in
beam yielding type failure of the 20th floor bay. Instead, buckling of the lowest floor column
occurs, showing that design strategies completely prescribe the progression of damage in
the structure. This example structure also manifests the necessity of 3D modeling for a
progressive collapse analysis, because 3D modeling: (1) allows for the inclusion of slab system
that is required in order to acquire the real capacity of beams against yielding type of failure
(the composite action of beam-slab system provides higher resistance to bending), (2) allows
for all structural members of a building to be examined which is essential, since even for
cases like the 20th floor corner column removal where there is a commonly expected structural
response (the beam yielding failure of the 20th floor bay), different results are yielded when
all structural elements are included.
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2 0  -   s t o r y     b u i l d i n g   
(a) (b) 
(c) (d) 
Figure 8.21: Computational analysis results for 20-story building, removals of (a) 20th, (b)
14th, (c) 7th, (d) 1st floor corner column.
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• 10-story building:
For this building, the W14 × 90 gravity columns of the interior frame of the 1st floor
marked with dashed circles are identified as the most critical elements of the structure. As
was the case for the 20-story structure, all corner column removals along the height of the
10-story building on the grid specified in Figure 8.13 ultimately result in global collapse
of the structure in a loss-of-stability manner due to consecutive buckling failures of these
gravity columns. More specifically, after the vertical applied load on the floors has been
adequately increased, the gravity column of the 1st floor that is closest located to the removal
grid (marked with the yellow dashed circle) is the structural element that fails first. Almost
simultaneously with the buckling failure of this gravity column, the next two gravity columns
of the 1st floor buckle, then the rest of the gravity columns follow, the building loses its core
elements and eventually collapses.
Figure 8.22 indicatively shows the results for one of the column removals, the removal of
the 9th floor corner column. However, analogous results are reached for all corner removals,
following the same collapse trend as the 9th floor removal. After the 9th floor column removal
and the subsequent application of the vertical loads on the structure, the non-linear buckling
of the gravity column of the 1st floor that is closest located to the removal grid occurs and
eventually the lateral collapse of the frame happens in a loss-of-stability fashion after all
gravity columns of the 1st floor have failed.
Focus is placed on the graphs to support the buckling failure verdict. First, the deformed
shape of the frame at the last step of the analysis allows for preliminary conclusion of the loss-
of-stability type of failure. No excessive deformation is observed at the bay above the removal,
meaning that beam mechanism is not activated. Zoomed in picture of the critical column
exhibits the complete plastification of the element (red color on the column suggests that
the stresses have exceeded the yield stress fy= 345 MPa) visualizing the inelastic buckling
mechanism. The analysis stops before the snap of the column and the accrual of horizontal
displacement, so the lack of out-of-plane deformation should not be misinterpreted as absence
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Loss of stability failure 
345 MPa 
9.9 kPa 




Figure 8.22: Computational analysis results for 10-story building, removal of 9th floor corner
column.
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of buckling failure.
Furthermore, the bottom left plot of the evolution of the acting axial force in the critical
W14 × 90 gravity column with respect to the applied vertical load justifies the buckling
failure even more noticeably. The axial load increases practically linearly until it reaches the
buckling capacity load A · fy, which causes the analysis to stop for load q = 9.9 kPa. When
the column reaches its buckling load, it suddenly losses its capability of bearing additional
axial forces and consequently its stability. The bottom right plot depicts the normal stresses
developed at the column mid-height section (each line represent one of the 13 section points
on the cross section) which reach the yielding stress fy value at the failure load. This behavior
describes the non-linear buckling phenomenon. One of the most noteworthy observations is
that the column behaves totally elastically prior to its snapping and loss of stability.
In addition, the evolution of the acting bending moments on the critical 9th floor W18×50
beam with respect to the applied vertical load is depicted on the top left plot. Bending
moment is shown for the critical beam end, although moments are measures for both beam
end, since plastic hinges should form on both ends of all the beams of the bay above the
removal to create a beam failure mechanism. The bending moment at the beams edge
increases almost linearly and does not exceed the bending capacity of the composite section.
The right plot shows the normal stresses acting at the critical beam section (again measured
at the 13 section points) which remain elastic during the analysis. By the end of the analysis
no plastic hinge has formed, so it cannot be characterized as a yielding type of failure and
column buckling is the dominant collapse mode.
The right part of Figure 8.29 summarizes the findings for the 10 examined corner column
removal scenarios performed in Abaqus. There is again only one type of collapse mechanism:
• Edge column removals from floors 1st-10th result in inelastic column buckling induced
collapse mechanism.
Figure 8.23 indicatively shows the deformed shape of the structure for 3 removal cases;
the (a) 1st, (b) 5th and (c) 10th floor corner column removals. The arrow indicates the removal
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location. The zoomed picture refers to the most critical column and the colors on it indicate
a buckling type of failure since the developed stresses exceed the yield stress (compare colors
with provided legend). Beams above the removal respond elastically and do not show large
vertical deformations.
Similar conclusions about the significance of the 3D analysis can be drawn by the response
of the 10-story structure. Modeling the entire structure is proven imperative in order to
identify the governing collapse mechanism. Moreover, the examples of the 20-story and 10-
story structures, where all corner column removal result in a loss-of-stability type of failure,
highlight the frequency of appearance of this type of mechanism and the need for powerful
computational tools that are able to capture such phenomena.
1 0  -   s t o r y     b u i l d i n g   
(a) (b) 
(c) 
Figure 8.23: Computational analysis results for 10-story building, removals of (a) 1st, (b)
5th, (c) 10th floor corner column.
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• 9-story building:
As shown in Figure 8.30, there are two different collapse mechanisms identified and
there can be distinguished two failure zones with respect to the location of the column
removal along the height of the 9-story building according to the results of numerical analyses
performed in Abaqus software:
• Edge column removals from floors 1st-7th result in an inelastic column buckling induced
collapse mechanism.
• Edge column removals from floors 8th-9th result in a yielding-type failure induced col-
lapse mechanism.
Figure 8.24 indicatively shows the deformed shape of the structure for 3 removal cases;
the (a) 1st, (b) 5th and (c) 8th floor corner column removals. The arrow pinpoints the removal
location and the zoomed in picture refers to the most critical column of the structure marked
by the yellow dashed circle on the grid. Removals of the (a) 1st and (b) 5th floor corner
columns result in loss-of-stability of the critical column which is indicated by the colors
denoting the developed stresses exceeding the yield stress (compare colors with provided
legend). Beams above the removal respond elastically and do not exhibit large vertical
deformations. Removal of the 8th floor corner column leads in yielding-type failure induced
collapse mechanism. The corner bay above the removal accumulates large deformation and
collapses. The stresses on the critical column remain in the elastic regime (orange color
refers to stresses below fy) so column buckling is not triggered.
The results of analyses concluding with buckling mode of failure resemble the ones de-
picted earlier for the 20-story and 10-story structures, where all column removals had led
to loss-of-stability phenomena. Therefore, focus is placed in demonstrating the structural
behavior of this building in cases that are associated with beam yielding type of collapse,
like the 8th and 9th floor corner column removals.
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9  -   s t o r y     b u i l d i n g   
(a) (b) 
(c) 
Figure 8.24: Computational analysis results for 9-story building, removals of (a) 1st, (b) 5th,
(c) 8th floor corner column.
Figure 8.25 indicatively shows the results for the removal of the 9th floor corner column
which leads to a yielding type of collapse mechanism. After the 9th floor column removal and
the subsequent application of the vertical loads on the structure, the bay above the removal
fails before any column reaches its capacity load. Eventually only a part of the structure
collapses and damage is localized at the floors lying above the damage initiation area without
spreading to nearby elements. If we continue increasing the vertical applied load, gravity
columns of the interior frames buckle and finally the structure experiences global collapse.
The deformed shape of the structure as given in Abaqus at the last step of the analysis
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< 7 kPa 
      Design Load 
345 MPa 
C o m p u t a t i o n a l    A n a l y s i s 
removal 
Figure 8.25: Computational analysis results for 9-story building, removal of 9th floor corner
column.
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clearly suggests that failure is locally concentrated on the bay above the removal, indicating
a beam yielding mechanism. This is further advocated by the plots referring to the composite
9th floor W18× 40 corner beam behavior. The top left plot shows the evolution of bending
moment acting on the composite beam section with respect to the vertical applied load q
on the slabs. It is apparent that for q = 5.16 kPa the acting bending moment exceeds
the capacity of the composite beam denoting the beam failure. It is also noteworthy that
the design load (DL + LL) is 1.35 times larger than the failure load, underlying the need
of measures to be taken to prevent this type of failure. For beam failure cases, analysis
continues running even after beam yielding is detected, allowing us to observe the progression
of damage.
The top right plot shows the development of normal stresses on the beam section, also
strengthening the beam yielding conclusion. For q = 5.16 kPa the stresses at all section
points of the critical beam edge section reach fy = 345 MPa expressing the complete plasti-
fication and the formation of plastic hinge at the strongest beam section of the bay. In other
words, all beams of the bay above the removal form plastic hinges producing a yielding type
of collapse mechanism.
The acting normal stresses in the slab elements of the composite beam are also considered.
The bottom left plot shows the stresses computed at 5 section points of the slab. Due to
the negative bending moments the slab is subjected to tension and after all section points
reach the tensile concrete capacity and concrete cracks, steel beam also reaches its capacity
and yields, resulting in the complete plastification of the composite section.
For this analysis it is easy to identify the most critical beam (W18 × 40 corner beam)
since the beam yielding mechanism is only a function of the 9th floor corner bay capacity.
For the most critical column things are also straightforward. The column removal on the top
floor does not urge for large force redistribution, therefore this analysis resembles a typical
push-down on an intact structure. Interior gravity columns W14 × 145 of the basement,
having the smallest cross section area, are the most critical vertical members. The middle
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plots refer to all W14×145 columns of the basement which exhibit the same behavior. These
columns reach failure at the end of the analysis, since both the acting axial force and the
normal stress in the column approach their ultimate values.
To sum up, first the bay above the removal loses its support and collapses at q = 5.16 kPa,
then we continue increasing the vertical load and at q = 11.12 kPa all the W14×145 interior
gravity columns of the basement buckle inelastically simultaneously, then the rest of the
gravity columns follow, and eventually the global instability of the whole structural system is
triggered. If the applied vertical load q remains relatively small, (5.16 kPa ≤ q ≤ 11.12 kPa)
then the damage in the structural system is contained to just the collapse of the 9th floor
corner bay.
• 3-story building:
As shown in the right part of Figure 8.31, there is only one type of collapse mechanism
identified with respect to the location of the column removal along the height of the 3-story
building according to the results of numerical analyses performed in Abaqus software:
• Edge column removals from floors 1st-3rd result in a yielding-type failure induced col-
lapse mechanism.
For this structure, all corner column removals along the height of the building on the
grid specified in Figure 8.13 ultimately result in yielding-type failure of the corner bay above
the removal. More specifically, after any column removal and the subsequent application of
the vertical loads on the structure, the bay above the removal collapses before any column
fails. By the end of analysis only a part of the structure collapses and damage is localized at
the floors lying above the damage initiation area without propagating to nearby elements.
Figure 8.26 indicatively shows the results for the removal of the 3rd floor corner column
which leads to a yielding type of collapse mechanism.
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Figure 8.26: Computational analysis results for 3-story building, removal of 3rd floor corner
column.
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Preliminary conclusion of the beam yielding mechanism can be drawn by the deformed
shape of the structure as given in Abaqus at the last step of the analysis. The excessive
vertical deformation observed at the bay above the removal suggests that beam mechanism is
activated. This is further advocated by the plots concerning the composite 3rd floor W21×62
corner beam behavior. The top left plot shows the evolution of bending moment acting on the
composite beam section with respect to the vertical applied load q on the slabs. Apparently,
for q = 8.16 kPa the acting bending moment exceeds the capacity of the composite beam
announcing the beam failure. The top right plot shows the development of normal stresses
on the beam section, also bolstering the beam yielding finding. For q = 8.16 kPa the stresses
at all section points of the critical beam edge section reach fy = 345 MPa expressing the
complete plastification and the formation of plastic hinge. Since the strongest beam of
the bay fails, all beams of the bay above the removal have already formed plastic hinges
generating the yielding type of collapse mechanism.
Regarding the response of the most critical column to the damage initiation, interior
gravity column W12 × 58 of the ground floor is considered (its location is marked by the
yellow dashed circle) and the bottom plots of Figure 8.26 refer to its response. This column
does not reach failure at the end of the analysis, since both the acting axial force and
the normal stress in the column remain below their ultimate values. The column responds
elastically and survives the force redistribution caused by the loss of one of the supports of
the slab.
Figure 8.27 indicatively shows the deformed shape of the 3-story building for the rest
of the removal cases; the (a) 2nd and (b) 1st floor corner column removals. Both these two
removals induce a yielding-type collapse mechanism. The corner peripheral beams form
plastic hinges at both their edges and once the ductility reserves are exhausted, the corner
bay accumulates large deformation and collapses way before any column buckling is triggered.
190
CHAPTER 8. PROGRESSIVE COLLAPSE ANALYSIS IN 3D CONTEXT
3  -   s t o r y     b u i l d i n g   
(a) 
(b) 
Figure 8.27: Computational analysis results for 3-story building, removals of (a) 2nd, (b) 1st
floor corner column.
8.2.2.4 Concluding remarks
This chapter investigates the progressive collapse potential of a range of steel buildings when
subjected to different damage scenarios. Numerical simulations results, the effect of different
parameters on the structural response and insight in the damage propagation fashion are
discussed following.
• One very important remark between the different buildings is that the resulting gov-
erning progressive collapse mechanism is guided by the combination of the number
of floors, the span width and the realized design. It can be observed that in a tall
building with relatively short spans, the governing collapse mode for its lower floor
removals is loss-of-stability type of failure, while for short buildings with relatively
short spans the dominant collapse mechanism is yielding-type of failure. The appear-
ance of the column-buckling mechanism requires a minimum floor number in order to
appear regardless of the location of the corner removal. The 20-story structure exclu-
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sively experiences loss-of-stability type of collapse in any corner column removal case,
whereas for the 3-story the yielding-type of collapse is governing any corner column
removal location. For the 10-story and 9-story buildings that are considered of medium
height, there are a number of parameters that play a significant role in establishing the
dominant mechanism at each removal, such as the span length, the number of spans
in the two directions, the floor height which defines the effective column length, the
moment frames’ arrangement and the specific design details of each one. So, for the
10-story building which is quite taller but has smaller spans the column-buckling mode
of collapse is the prevailing type of failure for the entirety of the removal cases. For the
9-story building, column-buckling mode of collapse occurs when the removal occurs
at the lower floors, while for upper floor removals yielding-type of failure governs the
response.
• The observed progressive collapse mechanisms of the all the buildings examined estab-
lish the importance of the response of interior gravity columns in the assessment of
resistance of a damaged structure. Gravity columns are identified as the most critical
components for overall structural stability under vertical loads conditions, since their
loss-of-stability failure dominates among the collapse modes. As discussed in the anal-
ysis results, after the column removal, load redistribution causes increase in axial forces
of interior gravity columns until they reach their inelastic buckling capacity. Gravity
columns are most likely to reach their ultimate axial load and fail first due to their
high utilization ratios. They are the weakest link of typical steel building designs, and
should receive more attention during evaluation, rehabilitation of existing buildings
and the design of new ones. Although certain forms of construction are more suscep-
tible to progressive collapse than others, it has been noted that this type of collapse
can occur in almost all types of construction.
• One last significant conclusion that can be drawn is that with the transition from 2D
to 3D analysis framework and the inclusion of all structural elements, the resulting
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collapse mechanism for the same column removals across the building height change
dramatically. Not only the failing element can be different (2D analyses only examine
exterior frames, while 3D analyses have proved that vertical elements of interior frames
are highly probable to be critical), but also the type of collapse can be altered (if we
investigate the 20-story structure under the removal of the 20th floor corner column in
a 2D framework the results indicate a beam-yielding type of failure of the 20th beam,
whereas in a 3D framework interior gravity columns buckling failure is the governing
collapse mode). Therefore, it is proven to be indispensable for progressive collapse
analysis to be performed in a 3D context in order to most realistically represent the
progressive collapse potential of the structure. Another important remark is that
loss-of-stability dominates among the observed collapse mechanisms for these specific
structures examined underlying the need of powerful computational tools that account
for stability considerations.
Following, the suggested analytical tool is utilized, to predict analytically and by em-
ploying only elastic analyses, the governing collapse mechanism in every removal scenario
considered in this section. The results are then compared to the computational analyses
outcome, as illustrated in the following section.
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8.2.3 Numerical Applications of the Developed Analytical Methodology on
3D Structures
Section 8.2.3 is a direct extension of section 8.1.2, where in 8.2.3 the suggested analytical
methodology is validated against the results of non-linear finite element analyses referring
this time to the full structural system. This adds in the complexity of the model due the
increased number of elements that have to be checked and due to the addition of the non-
linear effect of the slab system.
In section 8.1.2, the suggested analytical methodology was modified to adopt to the 3D
analysis environment and the associated formulas were appropriately adjusted. The same
formulas will be utilized in section 8.2.3 and their ability on providing accurate information
about the progressive collapse potential of a damaged building is investigated using this time
the entire structure.
The same four example steel structures of Figure 8.12 are employed in order to validate
the analytical method. The necessary theoretical background is already covered in section
8.1.2 with a slight adjustment; Equation 8.2 of MRj which expresses the flexural capacity of
each beam member now refers to the combined capacity of the composite beam-slab section.
Equation 8.3 of the critical ductility µcritical remains unaltered and it eventually offers the
means to predict the governing progressive collapse mode analytically.
Same as earlier, the bay width is denoted with L, the floor height with H and the tool
is based on linear analysis results. As a reminder, n denotes the number of the total floors
of the column grid line, α is the corner column removal floor location and Θ = {1, 2, . . . , n}
denotes the set of columns which belong to the examined grid line each time. For example,
for the case of the 10-story frame Θ = {1, 2, . . . , 10}.
The proposed simplified method/tool is applied to all example structures, the 20-story,
10-story, 9-story and 3-story steel structures shown in Figure 8.12. The limit state ductility
values µcritical are computed using equation 8.3 and plotted for each structure in the left part
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of Figures 8.28 - 8.31. The horizontal axis of the graph represents the number of floors above
the column removal which is denoted by β and µcritical values are provided on the vertical
axis. Each point in the graphs represents one column removal scenario, meaning one β
value which corresponds to different values of critical ductility µcritical. The resulting critical
ductility is computed by first conducting elastic analyses where the applied vertical load is
equal to q = 1.16 kN/m2, then measuring the acting axial compression Pi and acting bending
moment Mj values for each structural column and beam of the structure respectively and
finally by plugging these values to Equation 8.3 and calculating the critical ductility µcritical
for each removal.
The critical ductility curve of each plot delineates two zones of collapse denoted by
different colors in order to distinguish the two types of collapse modes. The two zones are
separated by the boundary condition of µ = 1. On the one hand, there is the zone which
consists of the set of points below the unit ductility line (µ ≺ 1) and gathers the loss-
of-stability type of failures and on the other hand, there is the zone which comprises the
group of points above the unit ductility line (µ  1) and describes the yielding-type mode
of collapse failures. For the analyses where the computed ductility approaches unity µ ≈ 1,
yielding type and buckling type of collapse mechanisms occur almost simultaneously.
The validity of the presented analytical methodology is assessed by comparing the results
from section 8.2.2.3 that are acquired by employing complex computational analyses involv-
ing material and geometric non-linearities performed in Abaqus software, with the respective
results produced by utilizing the analytical tool. The results are summarized in Figures 8.28
- 8.33. Indicatively we will focus on certain column removals to examine the accuracy of the
analytical method.
Figures 8.28 - 8.31 compare the results coming from the analytical tool (left side plot)
with the results from the computational analyses (right side plot) for all four buildings and
all corner column removal scenarios. It is evident that analytical and computational results
match perfectly in all column removal cases, both for the yielding-type beam failure mode
195
CHAPTER 8. PROGRESSIVE COLLAPSE ANALYSIS IN 3D CONTEXT
NUMERICAL APPLICATION 
(ABAQUS) 
Proposed Analytical Tool 























μ > 1 
μ < 1 Loss of stability 
mechanism 
1 
Inelastic Column  
Buckling Induced  
Collapse Mechanism 
1st  –  20th  floor 
Figure 8.28: Ductility limit state function of the 20-story building in 3D framework. Val-
idation of analytical tool results for all corner column removals with non-linear numerical
analysis performed in Abaqus.
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Figure 8.29: Ductility limit state function of the 10-story building in 3D framework. Val-
idation of analytical tool results for all corner column removals with non-linear numerical
analysis performed in Abaqus.
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Figure 8.30: Ductility limit state function of the 9-story building in 3D framework. Val-
idation of analytical tool results for all corner column removals with non-linear numerical
analysis performed in Abaqus.
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Figure 8.31: Ductility limit state function of the 3-story building in 3D framework. Val-
idation of analytical tool results for all corner column removals with non-linear numerical
analysis performed in Abaqus.
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and the loss-of-stability column failure mode. Therefore, it is verified that the extension of
the analytical methodology in a 3D framework is realizable and provides reliable results for
every removal case. It has been established through 2D and 3D analyses that the analytical
methodology is able to provide preliminary information about the governing progressive
collapse mechanism by employing elastic analyses and straightforward calculations. The
approximation included due to the use of linear analysis induces a relatively minor error.
It is important to underline that the location of the column removal plays an important
role in the susceptibility of the building to progressive collapse. This statement is supported
by the shape of the ductility curves and the declining values of ductility as the column
removal location moves to lower floors. In other words, when damage occurs at lower floors
failure is more likely to happen in a loss-of-stability collapse mode rather than in a beam
yielding type one. It can be observed that for upper floors the drop of the critical ductility is
high, and decreases towards lower floors. This manifests the ability of the frame to distribute
forces through its system when the column removal occurs at lower floors.
The following figure further elucidates the comparison of analytical and computational
results and the validity of the proposed methodology in this 3D analysis context. Figure
8.32 presents indicative examples of each type of collapse mechanism for the 9-story building.
First, one inelastic buckling collapse mechanism case is shown in Figure 8.32a for the removal
of 5th floor corner column. After removing the 5th floor corner column (β = 5) and conducting
an elastic analysis for q = 1.16 kN/m2, the analytical tool computes a critical ductility value
µcritical = 0.45 ≺ 1, which is interpreted as loss-of-stability type of failure. For the same
removal, computational non-linear analysis in Abaqus software is performed in the form of a
push-down until collapse occurs in the system and the resulting failure mode is identified as
inelastic column buckling induced collapse mechanism. The deformed shape of the structure
in the last step of the analysis and zoomed in snapshot of the buckling gravity column
are depicted as a complimentary proof of the computational analysis outcome. So the tool
successfully predicts the buckling failure mechanism, solely based on linear analysis.
198
CHAPTER 8. PROGRESSIVE COLLAPSE ANALYSIS IN 3D CONTEXT
Yielding-type 
mechanism 
μ > 1 
μ < 1 















Proposed Analytical Tool 
CRITICAL  DUCTILITY  μ  CURVE  
Inelastic Column  
Buckling Induced  
Collapse 
Mechanism 
1st  –  7th  floor 
Beam Failure 




μ > 1 
μ < 1 















Proposed Analytical Tool 
CRITICAL  DUCTILITY  μ  CURVE  
Inelastic Column  
Buckling Induced  
Collapse 
Mechanism 
1st  –  7th  floor 
Beam Failure 
8st  –  9th  floor 
(b)
Figure 8.32: Indicative examples of (a) column buckling type of failure, and (b) beam yielding
type of failure, where analytical and computational results are in agreement, for 9-story
building. Tool successfully predicts both types of failure mechanism.
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Then, in Figure 8.32b two beam yielding failure cases for the removal of 8th and 9th
floor corner columns are depicted. The deformed shapes present the computational non-
linear analyses results, while the yellow bullet points reflect the resulting critical ductility
values produced by the suggested analytical tool. After performing an elastic analysis for
q = 1.16 kN/m2, the analytical tool computes critical ductility values µcritical = 1.05  1
and µcritical = 1.97  1 respectively, which are interpreted as yielding type of failure. For
the same removals, inelastic analyses in Abaqus software are performed and the resulting
failure modes are recognized as beam failure mechanism of the bay above the removal. The
deformed shape in the last step of the analysis visualizes the computational analyses findings.
So the proposed tool is able to identify beam failure mechanism scenarios reliably, even for
the case of of 8th floor column removal which approaches the limit condition of µcritical = 1.
Figures 8.33 - 8.35 aim to decipher how the proposed tool operates. Figure 8.33 presents
in a simplified manner the required steps to calculate the critical ductility associated with
a specific column removal. These are the results of the analysis of the 3-story building
where the 3rd floor corner column is removed. The top plot depicts the acting bending
moment of the 3rd floor beam and the bottom plot the acting axial force on the critical
gravity column both with respect to the applied vertical load q. Although the graphs refer
to the complete analysis until collapse detection so that the resulting collapse mechanism
is visible, the absolutely necessary part for the ductility computation is from q = 0 until
qelastic = 1.16 kN/m
2 denoted with the blue line. So, for the elastic load q = 1.16 kN/m2




beam and the ratio of the acting axial force to buckling capacity PRi
Pi(α)
of this column and
plug them into Equation 8.3 to find the critical ductility value µcritical. For this analysis
µcritical = 1.3  1 which is interpreted as a beam yielding type of failure. This is in total
agreement with the results from the non-linear analysis (black line of the plot), which is
completed with failure of the bay above the removal as proved by the exceedance of bending
capacity of the 3rd floor beam. So the tool is able to predict this failure solely by employing
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Figure 8.33: Validation of analytical tool results for 3-story building, removal of 3rd floor
column.
an elastic analysis.
Figure 8.34 depicts the results for the removal of the 10th floor corner column of the
20-story building, which is already found to yield a loss-of-stability type of failure of the
interior gravity columns as explained in Figure 8.20. The left side plots depict the evolution
of acting axial force on the critical gravity column and the acting bending moment on the
critical 10th floor beam and the red horizontal lines denote the respective bending and axial
capacity values. The green bullet marks the failure step of q = 10.56 kN/m2 that coincides
with the exceedance of column capacity to axial compression and the blue bullet stands for
the elastic step of q = 1.16 kN/m2. The yellow brackets refer to the computation of demand
(black line) to capacity (red line) ratio at these two time steps. The left side plots depict
the evolution of acting axial force on the critical column and the acting bending moment on
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Figure 8.34: Validation of analytical tool results for 20-story building, removal of 10th floor
column.
the critical beam and the red lines denotes the respective capacity values.
The upper right graph shows the evolution of the computed critical ductility for every
applied vertical load value q, meaning that Equation 8.3 is being evaluated for every set
of acting force and bending moment values, not only for the elastic step this time. While
constructing the analytical tool, it was assumed that calculating the ratio of the capacity to
demand for the critical column and the critical beam in order to establish the critical ductility
value in each removal scenario, could be done in an elastic step with minor loss of accuracy
in the computed µcritical value. This conjecture is confirmed by the ductility plot which
is almost constant across the different load values and suggests that we can compute the
critical ductility value in an elastic step and still predict the final ductility value with minor
error. The ductility value µelastic = 0.30 which refers to the elastic step of q = 1.16 kN/m
2 is
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denoted by the blue diamond shape on the critical ductility plot and µinelastic = 0.27 which
refers to the elastic step of q = 10.56 kN/m2 is denoted by the green diamond shape and
the two values are very close. To sum up, we can predict the governing progressive collapse
mechanism using an elastic analysis with minor loss of accuracy even for a 3D analysis that
examines the entire structure.
The next figure is also used to elucidate the logic behind the tool, now for a beam failure
type of collapse. Figure 8.35 depicts the results for the removal of the 9th floor corner column
of the 9-story building, which has already given a beam yielding type of collapse mechanism
of the bay above the removal as demonstrated in Figure 8.25. The green bullet denotes local
failure due to the acting bending moment on the critical beam surpassing its capacity. By
Elastic Analysis  
q = 1.15 kPa 
μ in= 2.11 μ el= 1.90 
Elastic  
Failure 1.15 kPa 
μ = 1.9  > 1 : Beam Yielding    
  Mj (a) 
  Wj 
  Pi (a) 
  PRi 
el 
el 
V a l I d a t i o n   o f   A n a l y t I c a l    T o o l  
Figure 8.35: Validation of analytical tool results for 9-story building, removal of 9th floor
column.
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analogous line of thinking we can again arrive to the comparison of the critical ductility in an
elastic analysis step (shown by the blue diamond shape µelastic = 1.90) to the critical ductility
value on the failure step of the analysis (shown by the green diamond shape µinelastic = 2.11).
The two ductility values are very close and the ductility plot remains almost horizontal until
failure. This also supports the argument that the error introduced due to the approximation
is small and does not affect the governing collapse mode prediction, since both µcritical values
are larger than unity. In an analogous way, computation of the critical ductility values is
done for all buildings and removals examined.
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8.2.4 Concluding Remarks
Section 8.2 studies in depth the susceptibility of buildings to disproportionate collapse in a
3D analysis framework. The response of structures subjected to loss of a corner column is
examined through a series of steel structures and several conclusions regarding parameters
that can affect the structural behavior in case of damage are discussed. It is evident that 3D
analyses offer a more comprehensive picture of the behavior of a damaged structure, since
out-of-plane types of collapse mechanisms are considered, as well as the contribution of the
slab system in the structural performance. It has been established that simplifications asso-
ciated with the 2D analyses introduce a great level of approximation and should be certainly
avoided, since they most usually cause the governing collapse mode to alter. 3D analysis al-
lows to obtain the exact response of the structure having incorporated the entire slab system
and being able to examine the structure’s response in a more realistic representation.
Also, this section has further elaborated on the proposed analytical methodology for
the assessment of the vulnerability of the structure to progressive collapse. The ability of
the method to predict the progressive collapse modes of steel structures in a 3D analysis
framework is explored, since the smooth transition from 2D to 3D environment has been
thoroughly prepared in previous chapters. The method has been tested in producing criti-
cal ductility curves for column removal scenarios concerning four example steel structures.
The results produced by the analytical tool exhibit total accordance with the sophisticated
non-linear computational analyses results, validating the accuracy of the proposed tool in
providing information about the critical progressive collapse mode in 3D analysis framework.
One of the limitations of the method is that the dynamic effect of progressive collapse
analysis is not included. Nevertheless, it is incorporated into the analysis with the use of the
dynamic factor on the vertical loads on the area close to the removal. The extension of the
tool in the direction of including the dynamic effect of the event is an elaborate task that is





Damage in structural systems appears even more frequently during the last decades, urging
for actions to be taken in order to restrain the damage propagation within the system. This
work is part of an organized effort to strengthen the design codes and regulations, towards
the reinforcement of buildings and elimination of their vulnerability to local damage.
The scope of this study is to provide a simplified approach that will replace the com-
putational methods required to capture the progression of damage. This need stems from
the difficulty associated with these methods due to the highly non-linear behavior and the
inclusion of loss-of-stability phenomena. The suggested tool is able to identify the governing
progressive collapse mechanism and assess the vulnerability of structures, for every corner
column removal scenario just by employing elastic analyses and straightforward analytical
calculations.
First, the response of structural systems to damage introduction in the form of removal
of key load-bearing elements is examined. Then, the theoretical background behind the
suggested methodology is introduced and critical limit state functions are used to identify
whether a damaged structure will experience progressive collapse through a yielding-type
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beam-induced collapse mechanism or through a loss-of-stability-induced column failure col-
lapse mechanism.
The main findings of Part II of this dissertation are the following:
• The consequences of the loss-of-stability column mode of progressive collapse are more
widespread and detrimental than the ones associated with the yielding-type beam
mode of progressive collapse. If a yielding type of collapse is induced after the damage
initiation, new load paths are activated and forces are redistributed into the remain-
ing structural system. The slab system greatly contributes in the load redistribution
mechanism spanning over the gap of the missing element and assists the overall sys-
tem’s stabilization for the progressive collapse to be avoided. Yielding type of failure is
observed only after the flexural failure of all beams and formation of plastic hinges at
all beam edges of the affected bay. So, it is a ductile type of failure, that provides some
level of warning before collapse. Conversely, buckling-type column failure is a brittle
phenomenon that does not energize any ductility resources. Therefore, loss-of-stability
type of failure is sudden and catastrophic, not providing any warning that would al-
low time for evacuation. Unlike beam failure that can be confined in a part of the
structure, loss-of-stability of a single column most of the time impacts the structural
integrity of the whole building. In addition to its brittle nature, loss-of-stability type
of collapse urges for special attention, since without the use of powerful computational
tools the detection of such mechanism when modeling a progressive collapse event is
not possible.
• Following the previous conclusion, different retrofitting techniques are required depend-
ing on the governing progressive collapse mode for each removal. In order to impede
the occurrence of a column-buckling collapse mode which is generally undesired, mea-
sures should be taken with respect to the type of buckling induced; inelastic buckling
urges for increase of the column section while elastic Euler buckling requires a smaller
effective length or higher moment of inertia. Increasing the beam sections would move
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the expected failure closer to the column-buckling zone. As a result, for the cases where
buckling collapse mode is governing, increasing of the beams’ section would have no
beneficial effect.
• Although 2D analysis is an indispensable step for a better understanding of how the
building behaves and prepare the ground for smoother transition to 3D analysis, still
use of 3D analysis modeling the whole structure is imperative to capture a realistic
response of the structure. 3D analysis takes into account out-of-plane and torsional
phenomena and examines all the structural elements of the system, including the slab
system that plays a major role in the response of the system and increases the accuracy
of the structural response. 2D analysis introduces simplifications that produce a mis-
leading overview of the structural response, usually pointing to erroneous conclusions
regarding the damage propagation. The resulting collapse mechanism for the same
column removals across the building height change dramatically. Not only the failing
element can be different, but also the type of collapse can be altered.
• Computational analyses have shown that depending on the column removal location
in a steel structure, the response greatly differs. The resulting governing progressive
collapse mechanism is controlled by the combination of the number of floors, the span
width and the realized design. In case of 2D analysis and the pseudo-3D analysis, where
we examine only a representative slice of the structure which is usually an exterior
moment-resisting frame, predicting the structural behavior is more straightforward.
When damage is introduced in low floors, the collapse mechanism is governed by loss-
of-stability phenomena (column failure) and when the column removal happens at
higher floors the yielding-type mechanism is dominant (beam failure). Conversely, in
case that we examine the whole structure in a fully 3D framework, it becomes harder
to foresee the structural behavior in the event of damage. It can be observed that in
a tall building with relatively short spans, the governing collapse mode for its lower
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floor removals is loss-of-stability type of failure, while for short buildings with relatively
short spans the dominant collapse mechanism is yielding-type of failure. A minimum
floor number is required in order for column-buckling mechanism to appear regardless
of the location of the corner removal. The 20-story structure fails in a loss-of-stability
type of collapse for any corner column removal case, whereas the 3-story structure
damaged behavior is entirely characterized by the yielding-type of collapse for any
corner column removal location. So the rule formed for the 2D and pseudo-3D analysis
does not apply to analysis examining the entire structure.
• Loss-of-stability dominates among the observed collapse mechanisms for these specific
structures examined underlying the need of powerful computational tools that account
for stability phenomena.
• It becomes clear from the 3D results that the inclusion of the slab system in the model
alters the results of the computational analysis. Taking into account the slab behav-
ior leads in an increased bending capacity of the composite beams and subsequently
increases the collapse resistance against the yielding-type of collapse mechanism. The
slab system considerably assists in the load rearrangement bridging over the gap of the
missing element. It plays an important role on the overall system’s stability (catenary
action), arresting the initial damage and preventing a wider collapse mechanism. The
inclusion of the slab does not always have a clear favorable effect on the response, since
it may bolster the column buckling collapse mechanism, therefore it is deemed essential
to be included in the model.
• This study demonstrates the importance of the role of interior gravity columns in the
assessment of progressive collapse vulnerability. Loss-of-stability failure of the gravity
columns is the most commonly appearing failure. Gravity columns are most likely to
reach their axial capacity and experience failure first due to their high usage ratios.
Special attention should be placed to them during evaluation of existing buildings and
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the design of new ones.
• This work has introduced a simple method/tool for the identification of progressive
collapse modes of steel moment frames under edge column removal. The method is
based on simple linear analysis using only basic properties of the structure and is
intended to be used by practicing structural engineers enabling them to identify the
governing progressive collapse mode. The method predicts whether a given structure
will suffer progressive collapse through a yielding-induced collapse mode involving beam
failure or through a loss-of-stability induced collapse mode involving column buckling.
The approximation included due to the use of linear analysis induces a relatively minor
error.
9.2 Future Work
The presented study has taken into account two major progressive collapse modes regarding
the event of a corner column removal. However, there are several other potential modes
of collapse which could be activated following the occurrence of a column removal (shear
beam-to-column connection failure, global loss of stability of the structural system, local
buckling failure, etc). An important task in order to extend the findings of this work is to
expand the application of the methodology towards accounting for more types of failure.
The significance of global instability mode of failure and the difficulty associated with
it in incorporating it into the method has been highlighted in [73]. The uniqueness of
this type of mechanism is that it cannot be detected if structure is dealt with solely in
a component level. Also, this type of mechanism is triggered almost in an elastic fashion
where structural elements of the system remain elastic. For the global loss-of-stability to
be captured, structure should be investigated in a system level, a level which is usually
overlooked by the codes and the research community. So the tool should be modified to
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capture the non-linear stability degradation of the system which leads to a global loss-of-
stability mode.
For the additional development of this work regarding the investigation of progressive
collapse induced mechanisms, a more detailed modeling of the structure (eg. simulation of
connections in the 3D finite element model) is suggested, in order to be able to capture a
wider range of collapse mechanisms (such as shear failure of beam to column connections).
Additional numerical investigation is recommended to further expand the findings of this
dissertation.
One of the method’s drawbacks is that the dynamic effect of progressive collapse is not
effectively addressed yet. The dynamic nature of the event is only incorporated into the
analysis with the use of the dynamic factor on the vertical loads applied to the area close
to the removal. Extending the tool towards appropriately incorporating the dynamic effect
of the phenomenon is an elaborate task that needs to be tackled to improve the accuracy of
the results. Another important consideration to be processed is the inclusion of the post-
buckling behavior following the loss-of-stability type of mechanism in the tool and examining
the extent to which the collapse loads and mechanisms will be altered. The author believes
that the basic conclusions reached in this work will remain the same these two assumptions
were relaxed.
Another direct extension of the developed methodology would be the inclusion of interior
column removals for the sake of completeness. In this way, the tool application would
exhaust all possible scenarios of load bearing elements removal and would be applicable to
any damage scenario complying with the Alternate Path Method.
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